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Abstract 


During  this  first  year  of  the  new  grant,  research  has  been  initiated  and 

conducted  on  the  development  and  implementation  of  a  new  basic  microscopic 

theory  of  association/dissociation  processes  in  dense  gases.  Expressions  for 

A  D 

the  time-dependent  rates  R  *  (t)  for  the  association/dissociation  of  atomic  or 

molecular  species  A  and  B  in  a  gas  M  are  formulated  in  terms  of  the  net 
A  D 

probability  P.  *  for  association/dissociation  of  bound  energy  level  i  of  the 
pair  (A-B). 

A  new  Variational  Principle  for  these  rates  is  proposed  and  is  applied  to 
ion-ion  recombination,  as  a  benchmark,  with  very  successful  results. 

The  diffusional  theory  is  examined  and  it  is  shown  that  highly  accurate 
results  can  be  obtained  for  general  mass  systems  provided  the  new  basic 
expression  introduced  here  for  RA  Q(t)  is  adopted. 

The  microscopic  basis  of  the  macroscopic  Debye-Smoluchowski  Equation 
(DSE)  is  examined  and  analytical  expressions  for  rates  are  derived  for  general 
interactons  between  A  and  B. 

A  valuable  relationship  between  the  rates  of  recombination  appropriate  to 
the  cases  of  ions  generated  with  uniform  frequency  within  a  reaction  volume 
and  ions  vrtiich  approach  each  other  from  infinite  separation  is  derived. 


Research  Initiated  and  Completed 


1.1  List  of  Topics 

During  the  first  year  (7/1/84  -  6/30/85)  of  the  Grant,  theoretical 
research  on  the  following  topics  was  completed  and  written  up  for  publication 
in  scientific  journals: 

(A)  General  Microscopic  Theory  of  Association/Dissociation  Non-Equilibrium 
Processes  in  Dense  Gases. 

(B)  Diffusional  Theory  of  Association/Dissociation  Non-Equilibrium  Processes 
for  General  Systems. 

(C)  Microscopic  Basis  and  Analytical  and  Numerical  Solutions  of  the 
Debye-Smoluchowski  Equation. 

(D)  Ion- Ion  Recombination  at  High  Ion  Density. 


1.2  Summary  of  Topics 

A  summary  of  each  of  the  above  topics  (A)  -  (D)  now  follows.  Full 
details  of  each  topic  are  presented  in  Appendices  (A)  -  (D)  of  this  report. 


Topic  (A):  Sets  of  transport-col  1 i si onal  Master  Equations  for  the 

two-particle  non-equilibrium  distribution  function  of  subsystems  (A-B)  in  a 

thermal  bath  of  dense  gas  M  are  derived  in  various  physical  representations, 

corresponding  to  the  full  range  of  gas  density.  Expressions  for 

time-dependent  rates  R  ’  (t)  for  association/dissociation  are  formulated  in 

A  D 

terms  of  net  probabilities  P^  ’  for  association/dissociation  of  bound  energy 

level  i  of  pair  (A-B),  so  that  association  and  dissociation  are  treated  in  a 

unified  manner  and  that  evolution  in  time  t  towards  equilibrium  is  naturally 

A  D 

achieved.  The  expressions  for  R  *  are  also  independent  of  whether  or  not  a 

quasi -steady-state  (QSS)  distribution  of  highly  excited  levels  is  assumed  and 

A  D 

are  particularly  valuable  when  approximate  probabi 1 ities  P.  *  are  used.  A 


new  Variational  Principle  for  the  rates  RM,u(t)  is  proposed  and  is  applied  to 
ion-ion  recombination,  as  a  benchmark,  with  very  successful  results.  Contact 
of  this  Variational  Principle  (in  general  for  chemical  reactions  in  a  gas)  is 
established  with  Tellegen's  Theorem  for  electrical  networks  and  with  Onsager's 
Principle  of  Least  Dissipation  for  heat  conduction. 

Topic  (B):  Upon  re-examination  of  the  foundations  of  the  diffusional 

treatment  of  association/dissociation  processes  involving  a  non-equilibrium 

distribution  of  (A-B)  pairs  in  a  gas  M,  it  is  shown  that  highly  accurate 

results  may  be  obtained  for  general  mass  systems  provided  a  new  and  more  basic 

expression  for  the  time-dependent  association/dissociation  rates  R  ’  (t)  is 

A  D 

introduced.  These  rates  R  *  (t)  are  derived  here  in  terms  of  the  probability 
A  D 

P^  *  (E^)  that  (A-B)  pairs  with  internal  energy  has  associative  or 

dissociative  character  and  are  obtained  without  appeal  to  the 

quasi -steady-state  (QSS)  condition  for  highly  excited  levels  E^ .  Then 

association  and  dissociation  can  be  treated  in  a  unified  way  and  evolution 

towards  equilibrium  with  the  gas  is  naturally  achieved.  Comparison  is  made 

A  D 

between  the  exact  probabilities  ’  obtained  from  the  QSS-condition  to  the 

Exact  input-output  Master  Equation  and  those  obtained  from  the  derived 

A  D 

diffusional  equational.  R  ’  (t)  reduces  to  the  constant-in-energy  current 

J(t)  through  the  excited  levels  only  for  exact  QSS  of  the  Master  Equation. 

A  D 

When  approximate  probabilities  are  adopted,  identification  of  R  ’  (t)  with 

A  D 

J(t)  is  not  justified.  The  basic  expression  here  for  R  ’  (t)  is  appropriate 
for  both  exact  and  approximate  (diffusional)  probabilities  and  yields 
excellent  results  for  ion-ion  recombination  in  a  dilute  gas  over  the  full 
range  of  masses  of  the  species  involved  and  over  various  classes  of 
ion-neutral  interaction  (polarization,  hard-sphere  and  charge-transfer). 


Topic  (C):  By  explicitly  including  collisions  and  by  operating  at  a  level 
more  basic  than^the  macroscopic  Debye-Smoluchowski  Equation  (DSE),  various 
assumptions  within  the  DSE-treatment  of  transport-influenced  reactions  between 
A  and  B  in  a  dense  medium  M  become  naturally  exposed.  The  appropriate 
modification  of  DSE  to  description  of  the  kinetics  within  the  region  of  the 
sink  is  provided. 

Analytical  expressions  for  probability  densities  and  rates  are  derived 
which  are  exact  solutions  of  DSE  (a)  at  all  times  t  and  large  internal 
separations  R  of  the  pair  (A-B),  (b)  at  long  times  t  and  all  R  and  (c)  at 
short  times  t  and  all  R.  Not  only  are  the  transient  rates  as(t)  and  aL(t) 
exact  at  short  and  long  times,  respectively,  but  they  are  naturally  bounded 
for  all  times  with  a^(t-*»)  and  a.(t-M3)  tending  to  the  correct  limit,  albeit 
with  an  incorrect  transience.  Comparison  with  exact  numerical  solutions  of 
DSE  illustrates  the  effectiveness  of  a  proposed  solution  over  the  full  range 
of  time. 


Topic  (D):  By  appeal  to  a  Thomson-type  treatment  of  recombination,  it  is 
shown  that  the  rate  for  recombination  of  ions  generated  with  uniform 
frrequency  within  a  reaction  volume  is  a  factor  of  (9/4)  times  greater  than 
the  rate  for  recombination  of  ions  which  approach  each  other  from  infinite 
separation.  A  valuable  relationship  connecting  the  two  problems  is  uncovered. 
The  analysis  is  pertinent  to  recombination  involving  dilute  and  high  degrees 
of  ionization. 


1.3  Papers  Presented  at  Scientific  Meetings 

1.  "Association/Dissociation  in  Dense  Gases  and  Adsorption/Desorption  on 
Surfaces"  by  M.  R.  Flannery. 

2.  "Analytical  and  Numerical  Solutions  of  the  Time  Dependent  Debye- 
Smoluchowski  Equation"  by  M.  R.  Flannery  and  E.  J.  Mansky. 

3.  "Electron-Excited  Hydrogen  and  Helium  Collisions"  by  E.  J.  Mansky  and 
M.  R.  Flannery. 

4.  "Symmetric  Charge-Transfer  Cross  Sections  in  Rare  Gas  (Rg+-Rg) 
Systems"  by  E.  J.  Mansky  and  M.  R.  Flannery. 

All  of  the  above  papers  Mere  presented  at  the  37th  Annual  Gaseous 
Electronics  Conference,  October  9-12,  1984,  held  at  the  University  of  Colorado 
in  Boulder. 

The  abstracts  of  the  above  papers  now  follow. 


1.4  Abstracts  of  Papers  Presented 


LD-13  Association/Dissociation  in  Dense  Gases  and 
Ad8orption/Desorption  on  Surfaces,*  M.  R.  FLANNERY. 
Georgia  Institute  of  Technology — A  new  comprehensive 
theory^  is  described  for  the  time  evolution  towards 
equilibrium  of  association  and  dissociation  in  a  dense 
gas.  Expressions  are  formulated  and  are  illustrated 
for  the  net  probabilities  of  association  to  stable 
vibrational  levels  and  dissociation  to  the  continuum 
from  an  arbitrary  bound  vibrational  level  via  collision 
with  Che  thermal  gas  bath.  A  general  variational  prin¬ 
ciple  emerges:  The  rate  which  corresponds  to  the  over¬ 
all  direction  of  the  process  always  adjusts  itself  to  a 
minimum  and  the  time  evolution  towards  equilibrium  is 
hindered.  Analogy  is  established  with  Kirchhoff's 
Laws  and  Tellegen's  Theorem  for  electrical  networks,  and 
with  the  Principle  of  Least  Dissipation  basic  to  thermo¬ 
dynamics,  heat  conduction,  and  fluid  mechanics.  The 
theory  can  also  be  modified  to  provide  the  first  basic 
microscopic  account  of  Associative  Desorption  of  atoms 
from  and  Dissociative  Chemisorption  of  molecules  to 
surfaces. 

^Research  supported  by  AFOSR  under  Grant  AF0SR-84-0023. 
^M.  R.  Flannery,  Phys.  Rev.  A,  (1985). 


LD-2  Analytical  and  Numerical  Solutions  of  the  Time 
Dependent  Debye-Smoluchowski  Equation,*  M.  R.  FLANNERY 
and  E.  J.  MANSKY,  Georgia  Institute  of  Technology — The 
macroscopic  Debye-Smoluchowski  Equation  (DSE)  with  a 
radiation  boundary  condition  has  been  derived^  from  a 
basic  microscopic  theory  of  association/dissociation 
processes,  A+B  ■+  AB,  between  A  and  B  in  a  thermal  gas 
bath.  There  are  at  present  no  exact  analytical  solu¬ 
tions  of  DSE  for  general  Interactions  V(R)  between  A 
and  B  for  all  separations  R  and  time  t.  We  formulate 
here  exact  analytical  solutions  for  the  conditional 
probability  density  and  reaction  rates  (a)  at  long  and 
short  times  for  all  R  and  (b)  at  all  times  for  large  R 
and  compare  the  results  with  direct  numerical  solutions. 
We  also  propose  highly  accurate  working  expressions  for 
the  rates  of  transport  influenced  reactions  at  all 
times. 

* 

Research  supported  by  AFOSR  under  Grant  AF0SR-84-0233. 
*M.  R.  Flannery,  Phys.  Rev.  A  (1985). 


LC-1  Electron-Excited  Hydrogen  and  Helium  Collisions 
E.  J.  MANSKY  and  M.  R.  FLANNERY,  Georgia  Institute  of 
Technology — The  Multichannel  Eikonal  Treatment  (MET)  is 
modified  so  as  to  facilitate  highly  accurate  description 
of  various  asymptotic  long  range  dipole  couplings  Im¬ 
portant  in  electron  excited  atom  collisions.  MET  is 
applied  to  excitation  in  e-H(2s) ,  e-H(2p) ,  e-He(21,3S) 
and  e-He(21>3P)  collisions  at  intermediate  energies. 
Integral  and  differential  cross  sections  together  with 
various  coherence  and  alignment  parameters  for  the  radia 
tive  decay  of  the  n=2  and  3  collisionally-excited  P  and 
D  states  of  H  and  He  are  determined  from  MET  with  10 
channels  associated  with  n  *  1,  2,  and  3  sublevels. 
Comparison  is  made  with  various  recent  measurements. 

* 

Research  supported  by  AFOSR  under  Grant  AFOSR-84-0233. 


LD-12  Symmetric  Charge-Transfer  Cross  Sections  in  Rare 
Gas  (Rg+^Rg)  Systems,”  E.  J.  MANSKY  and  M.  R.  FLANNERY, 
Georgia  Institute  of  Technology — Symmetric  resonance 
charge-transfer,  elastic,  diffusion  and  viscosity  cross 
sections  for  the  ion-atom  collisions:  Rg+  +  Rg,  Rg  ■  He, 
He,  Ar,  Kr,  Xe  are  determined  via  a  full  quanta!  phase- 
shift  analysis  using  the  pseudopotential  of  Sinha,  et  al. 
[1]  for  He2+;  and  the  spin-orbit  ab-initio  potentials  of 
Cohen  and  Schneider  [2]  for  Ne2+,  Wadt  [3]  for  Ar2+,  Kr2* 
and  Xe2+;  and  Michels,  et  al.  [4]  for  Ne2+,  Ar2+,  Kr2+, 
and  Xe2+  at  lab  energies  ranging  from  O.OO!  eV  to  1  keV. 
The  long-range  ion-atom  polarization  attraction  is  ex¬ 
plicitly  acknowledged  in  the  full  interaction  and  In  a 
JWKB  correction  to  the  numerical  asymptotic  phase  shift. 
Differential  cross  sections  are  also  obtained.  Comparison 
is  made  with  existing  experimental  and  theoretical  data. 
^Research  supported  by  AFOSR  under  Grant  AFOSR-84-0233. 

[1]  S.  Sinha,  S.L.  Lin,  and  J.N.  Bardsley,  J.  Phys.  B 
12  (1979)  1613. 

[2]  J.S.  Cohen  and  B.  Schneider,  J.  Chem.  Phys.  61 
(1974)  3230. 

13]  W.R.  Wadt,  J.  Chem.  Phys.  68  (1978)  402. 

[4]  H.H.  Michels,  R.H.  Hobbs,  and  L.A.  Wright,  J.  Chem. 
Phys.  69  (1978)  5151. 
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1.5  List  of  Publications  (in  press  and  in  preparation) 

1.  "General  Microscopic  Theory  of  Association/Dissociation  Non-Equilibrium 
Processes  in  Dense  Gases,"  M.  R.  Flannery  (Phys.  Rev.  A). 

2.  "Diffusional  Theory  of  Association/Dissociation  Non-Equilibrium  Processes 
for  General  Systems,"  M.  R.  Flannery  (Phys.  Rev.  A). 

3.  "Microscopic  Basis  and  Analytical  and  Numerical  Solutions  of  the 
Debye-Smoluchowski  Equation,"  M.  R.  Flannery  and  E.  J.  Mansky  (Phys.  Rev. 
A). 

4.  "Ion-Ion  Recombination  at  High  Ion  Density,"  M.  R.  Flannery,  J.  Phys.  B: 
Atom.  Molec.  Phys. 

5.  "Modified  Multichannel  Eikonal  Treatment  of  Electron  Excited  Atom  (H,He) 
Collisions,"  M.  R.  Flannery  and  E.  J.  Mansky  (in  preparation). 

6.  "Symmetrical  Resonance  Charge-Transfer  in  the  Rare-Gas  Sequence  (Ne,  Ar, 
Kr,  Xe),"  M.  R.  Flannery  and  E.  J.  Mansky  (in  preparation). 

7.  "Kinetic  Theory  Foundation  of  Ion-Ion  Recombination  in  a  Dense  Plasma," 

M.  R.  Flannery  and  E.  J.  Mansky  (in  preparation). 

8.  "A  Variational  Principle  in  Dynamics  of  Relaxation,"  M.  R.  Flannery  (in 
preparation) . 

9.  "Classical  Theory  of  Recombination,"  M.  R.  Flannery  (in  preparation). 

10.  "Selected  Bibliography  on  Atomic  Collisions:  Data  Collections, 
Bibliographies,  Review  Articles,  Books,  and  Papers  of  Particular  Tutorial 
Value,"  M.  R.  Flannery,  E.  W.  Thomas  and  S.  T.  Manson,  Atomic  Data  and 
Nuclear  Data  Tables  33  (1985)  1-14B. 

Papers  #1-4  above  are  included  as  Appendices  A-D  of  this  report. 

Reprints  of  paper  #10  will  be  sent  to  AFOSR  under  separate  package.  Papers 
#5-10  will  be  also  sent  to  AFOSR  when  completed. 


1.6  Ph.D.  Thesis  Supervised 

Mr.  E.  J.  Mansky  has  been  a  Ph.D.  graduate  student  supervised  by  the 
Principal  Investigator  (M.  R.  Flannery)  and  supported  by  the  present  and 
previous  AFOSR  grants  (AF0SR-84-0233  and  AFOSR-80-0055) .  He  has  now  completed 
his  thesis  and  is  expected  to  graduate  with  a  Ph.D.  on  September  1985.  Copies 
of  his  thesis  are  being  prepared  and  will  be  submitted  in  due  course  to  the 
AFOSR  as  a  separate  bound  report. 


Appendices 

In  the  following  Appendices  A-D  are  contained  preprints  of  the  following 
articles  submitted  for  publication  to  scientific  journals. 

{ 

(A)  General  Microscopic  Theory  of  Association/Dissociation  Non-Equilibrium 
Processes  in  Dense  Gases. 

(B)  Diffusional  Theory  of  Association/Dissociation  Non-Equilibrium  Processes 
for  General  Systems. 

(C)  Microscopic  Basis  and  Analytical  and  Numerical  Solutions  of  the 
Debye-Smoluchowski  Equation. 

(D)  Ion-Ion  Recombination  at  High  Ion  Density. 
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Appendix  A 


General  Microscopic  Theory  of  Association/Dissociation 


Non-Equilibrium  Processes  in  Dense  Gases 


General  Microscopic  Theory  of  Association/Dissociation 
Non-Equilibrium  Processes  in  Dense  Gases 

M.  R.  Flannery 
School  of  Physics, 

Georgia  Institute  of  Technology, 

Atlanta,  Georgia  30332 

Abstract.  Sets  of  transport-coil i si onal  Master  Equations  for  the  two-particle 

non-equilibrium  distribution  function  of  subsystems  (A-B)  In  a  thermal  bath  of 

dense  gas  M  are  derived  in  various  physical  representations,  corresponding  to 

the  full  range  of  gas  density.  Expressions  for  time-dependent  rates  (t) 

for  association/dissociation  are  formulated  in  terms  of  net  probabilities 
A  D 

Pj'  for  association/dissociation  of  bound  energy  level  1  of  pair  (A-B),  so 

that  association  and  dissociation  are  treated  In  a  unified  manner  and  that 

evolution  In  time  t  towards  equilibrium  Is  naturally  achieved.  The 

expressions  for  RA»D  are  also  Independent  of  whether  or  not  a  quasi -steady- 

state  (QSS)  distribution  of  highly  excited  levels  is  assumed  and  are 

A  D 

particularly  valuable  when  approximate  probabilities  P^ *  are  used.  A  new 
Variational  Principle  for  the  rates  R^»^(t)  is  proposed  and  is  applied  to  ion- 
ion  recombination,  as  a  benchmark,  with  very  successful  results.  Contact  of 
this  Variational  Principle  (in  general  for  chemical  reactions  in  a  gas)  is 
established  with  Tellegen's  Theorem  for  electrical  networks  and  with  Onsager's 
Principle  of  Least  Dissipation  for  heat  conduction. 
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2.1  (R, ^-Transport  Equation . 

2.2  |cos  e|  )-Transport  Equations . 

2.3  (ff.p)-Transport  Equations . 

2.4  (ft,T)-Transport  Equations . 

2.5  R-Transport  Equations . 

2.6  ~(R,E,p)-Transport  Equations . 

2.7  (ft,E,L2)-Transport  Equations . . . 

2.8  (ff,E)-Transport  Equations . 

2.9  E-Transport  Equations . . . 

Full  Transoort-Colllslonal  Eauatlons . . . . 


3.1  (R,E,L2)-Equat1ons  .. 

3.2  (ff.E)-Equatlons  . 

3.3  R -Equations . 

3.4  (E,L2)-Equat1ons  .... 

3.5  E-Equations . 

Various  Equilibrium  Limits 


4.1  L2-Equ111brium;  (R,E)-Nonequ11 Ibrlum  . 

4.2  (L2,R)-Equ111br1um;  E-Nonequl librium . 

4.3  R-Equl librium;  (E,L2)-Nonequil ibrlum  . 

Rates  and  the  Marcroscoplc  Transport -Col  11  si onal  R-Equatlon 


5.1  Various  Energy  Blocks . 

5.2  Association  and  Dissociation  Rates . 

5.3  Macroscopic  Transport-Coil Islonal  R-Equatlon . 

5.4  Approximation  and  the  Debye-Smoluckowski  Equation 

Time  Evolution  Towards  Equilibrium . 


6.1  Net  Transition  Probabilities  for  Association/Dissociation 

6.2  Multivariable  Separation . 

Variational  Principles . 


7.1  Association/Dissociation  Rates  for  non-QSS  (Quasi-Steady- 

State)  and  for  QSS . 

7.2  General  Rate  Expression  and  Application  of  Variational 

Principle . 

7.3  Tellegen's  Theorem  and  the  Principle  of  Least  Dissipation 


Appendix  A;  Equilibrium  Distributions  and  Related  Properties 

Appendix  B:  Equilibrium  Energy-Change  Coll Islonal  Rates  for 
Various  Subsystem  AB-Bath  M  Interactions . 


I.  Introduction 


When  a  distribution  of  ion-ion  (A+  +  B")  pairs,  or  of  ion-atom  (A+  +  B) 
pairs  or  of  any  (ion  or  neutral)  subsystem  of  dissociated  species  denoted  in 
general  by  (A  +  B)  is  introduced  in  a  dense  gas  of  thermal  species  M,  a  highly 
non-equilibrium  situation  exists.  In  this  paper,  a  set  of  Master  Equations  is 
formulated  for  the  relaxation  from  some  initial  non-equilibrium  distribution 
of  dissociated  subsystems  A  +  B  (or  of  molecules  AB)  towards  equilibrium  with 
a  dense  thermal  gas  M  via  the  pertinent  energy-change  processes, 


A  +  B+  M  *  AB+M 

(1.1a) 

A+  +  8  +  M  t  A8+  +  M 

(1.1b) 

A*  +  B"  +  M  t  AB  +  M 

(1.1c) 

i.e.,  by  the  collisional  association  (recombination)  of  the  dissociated 
species,  the  forward  direction  of  (1.1),  or  by  the  reverse  of  (1.1),  the 
collisional  dissociation  of  molecules  AB  with  an  initial  distribution 
characterized  by  temperature  T^g  which  is  higher  than  the  temperature  TM  of 
the  dense  gas  M.  A  key  component  of  this  theory  is  inclusion  of  the  essential 
coupling1  between  the  macroscopic  effects  of  transport  and  reaction  between  A 
and  B  in  M  via  a  comprehensive  microscopic  treatment  of  the  process. 

Evolution  of  the  two  particle  correlation  function  for  subsystem  (A-B)  is 
provided  in  terms  of  the  internal  energy  E,  internal  angular  momentum  L  and 
internal  separation  R  of  the  subsystem  by  explicitly  including  streaming  (dif¬ 
fusion  and  drift)  and  discontinuous  collisions  with  the  heat  bath  M. 

The  present  theory  is  a  natural  development  of  that  previously  proposed1 
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for  the  rate  of  ion-ion  recombination  (1.1c)  as  a  function  of  density  N  of  the 
gas  M.  That  theory*  then  emphasized  the  steady-state  rate  of  recombination 
which  can  be  expressed  in  terms  of  reaction  and  transport  rates.  Also  the 
treatment  intrinsically  assumed  that  the  relative  speed  v  was  purely  radial 
and  that  the  ratio  of  product  concentrations  of  fully  dissociated  species,  of 
concentration  NA  and  Ng,  to  their  corresponding  product  N^Ng  under  thermo¬ 
dynamic  equilibrium 

NANB/NANB  >:>  NAB/NAB  (1,2* 

is  much  larger  than  the  corresponding  ratio  NAg/NAB  for  fully  associated 

species.  The  overall  direction  of  (1.1)  is  then  forward  i.e.,  the  overall 

rate  of  association  is  much  greater  than  the  rate  of  dissociation  which  is 

then  neglected,  by  comparison.  The  aim  of  the  present  paper  is  to  remove 

those  restrictions  and  thereby  provide  a  comprehensive  account  of  the  time 

evolution  towards  equilibrium  of  a  highly  non-equilibrium  situation  via  the 

dynamic  balance  as  in  (1.1)  between  association  and  dissociation  processes, 

which  may  then  be  treated  in  a  unified  way. 

Because  it  remains  a  very  basic  problem  in  atomic  and  molecular  physics 

both  in  its  detailed  theoretical  elucidation  and  in  its  central  significance 

to  many  physical  situations  of  great  current  interest,  solution  of  the  general 

problem  represented  by  (l.i)  as  a  function  of  gas  density  is  considered  as  a 

prototype  textbook  study*  of  a  process  in  which  collision  theory  and 

statistical  mechanics  can  be  coupled  via  some  unified  microscopic  treatment. 

Association  and  recombination,  the  forward  direction  of  (1.1),  are 

2 

important  in  many  instances,  as  for  example,  in  gaseous  discharges,  in 

2  3 

electron-beam  pumped  exciplex  lasers  *  (KrF,  XeCl  etc.),  and  in  the  recent 

4 

Optoacoustic  Effect  where  the  acoustic  wave  is  generated  by  the  conversion 
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into  translational  heating  of  a  dense  gas  via  termolecular  association  of  the 
photofragments  A  and  B  produced  originally  by  photodissociation  of  a  dense 
molecular  gas  AB.  For  overall  dissociation  the  reverse  direction  of  (1.1), 
externally-induced  non-equilibrium  distributions  of  AB  in  excited  vibrational 
levels  can  be  produced  by  absorption  by  AB  but  not  by  M  of  short-duration 
high-intensity  thermal  radiation  with  temperature  T  »  T^,  or  by  the  passage 
of  a  shock  wave  through  the  gas.  Here  the  translational  and  rotational 
degrees  of  freedom  of  all  species  will  relax  to  thermal  equilibrium  at 
temperature  T$  immediately  behind  the  shock  wave  more  rapidly  than  the  much 
slower  relaxation  of  the  vibrational  distribution  of  AB  associated  with  the 
original  and  final  temperatures  and  Tg,  respectively.  Charge-transfer 
between  molecular  species  (AB+  -  AB)  also  produces^  a  non-equilibrium 
distribution  of  AB  in  various  high  vibrational  levels.  Absorption  by  AB  of 
laser  radiation  will  of  course  produce  a  vibrational  distribution  strongly 
peaked  about  a  specific  vibrational  energy.  The  vibrational  distribution  will 
then  relax  by  collisional  association/dissociation  processes. 

In  this  paper,  (1.1)  is  considered  to  be  a  closed  system  i.e., 
irreversible  losses  by  curve  crossings  AB  t  A  +  B,  quantum  tunnelling,  or  by 
mutual  neutralization  (A+  -  B")  t  A*  +  B  are  specifically  excluded.  The 
concentrations  NA  and  Ng  of  subsystems  are  much  less  than  the  concentration  N 
of  the  gas  system  M  so  that  the  main  relaxation  mechanisms  are  energy-changing 
collisions  between  the  subsystem  and  gas.  Relaxation  via  radiative 
transitions  and  subsystem-subsystem  collisions  may  therefore  be  neglected. 

The  gas  is  therefore  regarded  as  a  heat  bath  whose  main  function  is  to 
collislonally  exchange  energy  and  angular  momentum  with  the  subsystem,  while 
maintaining  its  original  thermodynamic  state  at  temperature  T^  at  all  times, 
thereby  permitting  the  original  dissociated  or  associated  subsystems  to  relax 


V 


A 

•  i 
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to  eventual  equilibrium  at  temperature  T^.  The  above  three  assumptions  help 
to  keep  the  theory  tractable  but  may,  in  principle,  be  all  or  individually 
removed  via  straightforward  generalization  of  what  remains,  however,  a  fairly 
comprehensive  theory  presented  here. 

In  the  limit  of  low  gas  densities  N,  mutual  transport  of  A  towards  B  in 
the  gas  M  is  very  rapid  so  that  the  process  (1.1)  is  determined  by  the  rate 

limiting  step  of  reaction.  The  previous  collisional  input-output  Master 

6  7  8 

Equations  of  Bates  and  Moffett  ,  of  Bates  and  Flannery  ,  of  Bates  and  Mendas  , 

2  9-11  12 

of  Flannery,  *  for  ion-ion  recombination  (1.1c),  of  Bates  and  McKibbin 

for  ion-atom  association  (1.1b)  and  the  weak  (diffusional)  collision  treatment 
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of  Keck  and  Carrier  and  of  Anderson  and  Shuler  for  association/ 

dissociation  (1.1a)  have  all  been  designed  specifically  for  reaction  only  in 

the  limit  of  low  gas  densities  N.  As  N  is  raised  the  transport  rate  decreases 

and  the  reaction  rate  increases  until  the  rate  limiting  step  of  the  overall 

process  in  the  limit  of  high  gas  densities  becomes  transport.  The  present 

paper  is  therefore  concerned  with  transport-influenced  reactions  and  with  the 

design  of  appropriate  Master  Equations  which  govern  transport-reaction 

processes  at  all  gas  densities  N.  The  Master  Equation  for  the  limit  of  low  N 
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is  well  documented  and  discussed  and  the  present  theory  yields  this  limit. 

The  organization  of  this  paper  is  as  follows.  In  .§  2,  various 
representations  of  the  basic  equation  governing  the  mutual  streaming 
(transport)  of  A  towards  B  in  the  dense  gas  are  presented.  The  corresponding 
transport-col  1 isional  (reaction)  Master  Equations  for  the  non-equilibrium 
distributions  are  then  developed  in  §3.  Simplifications  introduced  by 
assuming  equilibrium  associated  with  one  or  more  of  various  physical  variables 
as  interseparation  R,  internal  energy  E,  and  internal  angular  momentum  L  of 
the  pair  A-B,  are  then  discussed  in  §4.  Expressions  for  the  rates  of 


association  and  dissociation  are  formulated  In  §  5  In  terms  of  the  solutions 
to  the  Master  Equation.  In  §  6,  the  time  evolution  towards  equilibrium  is 
expressed  in  terms  of  the  net  probabilities  of  collisional  association  and 
dissociation  of  AB  in  high  vibrational  levels.  A  Variational  Principle  basic 
to  evolution  towards  equilibrium  then  emerges  and  is  discussed  in  §7.  It  is 
new  and  asserts  that  the  conditional  densities  (or  pair  correlation  functions) 

A 

of  pairs  AB  in  various  energy  levels  are  so  distributed  that  the  rates  R  (t) 

and  RD ( t)  of  association  and  dissociation,  respectively,  are  extrema  at  time 

t.  If  conditions  are  such  that  the  overall  direction  is  association,  then 

RA( t)  is  minimum  and  R°(t)  is  maximum;  for  overall  direction  of  dissociation, 

R^(t)  is  maximum  and  R°(t)  is  minimtan.  Evolution  towards  eventual  equilibrium 

is  therefore  hindered  and  the  Principle  of  Least  Dissipation  (first  derived  by 
15 

Onsager  for  heat  conduction)  is  satisfied.  When  equilibrium  distributions 
are  assumed  for  fully  associated  and  dissociated  pairs,  the  Variational 
Principle  yields  the  quasi-steady  state  condition  (i.e.,  a  steady-state 
distribution  of  highly  excited  levels  at  all  times)  which  rendered  feasible 
the  many  pioneering  studies16  by  Bates  and  colleagues  of  heavy-particle 
recombination6-11  and  of  electron-ion  collisional  radiative  recombination  in  a 
plasma  ’  and  in  a  gas.  ’  Application  of  the  Variational  Principle  to 
ion- ion  recombination  is  made  in  §7.2. 

Finally,  in  an  effort  to  make  this  paper  complete  and  comprehensive. 
Appendix  A  contains  classical  distributions  corresponding  to  equilibrium  in 
internal  separation  R,  internal  energy  E  and  internal  angular  momentum  L  of 
the  pair  (A-B)  together  with  various  classical-quantal  correspondences.  In 
Appendix  B  are  gathered  various  collision  kernels  and  one-way  equilibrium 
rates  for  energy-change  collisions  appropriate  to  various  interactions 
(charge-transfer6,10,  hard-sphere,11  polarization8  and  Coulombic)  between  the 
subsystem  AB  and  the  gas  species  M.  The  kernels  are  expressed  in  appropriate 
form  for  direct  application  of  the  present  theory. 


Various  Representations  of  the  Transport  Equation 


The  present  theory  is  a  natural  development  and  generalization  of  the 

microscopic  theory  recently  proposed*  for  the  rate  of  ion- ion  recombination 

(or  of  any  chemical  reaction  in  general)  as  a  function  of  gas  density  N.  The 

proposed  theory*  bridged  the  density  gap  between  the  previous  quasi- 
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steady-state  theories  based  on  energy-relaxation  alone  and  therefore  valid 

2 

in  the  low-density  limit,  and  the  macroscopic  mobility/diffusion  theory  , 

valid  in  the  limit  of  high  gas  densities  N.  It  was  also  shown*  that  the 

steady-state  rate  of  recombination  is  determined  by  the  well  known  relation  a 

*  ajR  “rn/ (“TR  +  aRN^*  between  the  macroscopic  rates  ayR  and  aRN  of  mutual 

transport  and  of  reaction  between  the  species,  respectively.  At  low  N  when 

TR  >:>  aRN  then  a  °rn»  the  rate  limiting  step,  while  at  high  N  when  aRN  >> 

a-j-R,  then  a  oiyR,  the  limiting  rate.  This  relationship  is  also  a  natural 

consequence  of  the  macroscopic  Debye-Smoluchowski  Equation^  where  aRN  is 

regarded  as  an  externally  assigned  parameter,  in  contrast  to  the  microscopic 

theory*  where  oRN  is  internally  determined. 

At  low  N,  equilibrium  with  respect  to  the  internal  separation  R  of  the 

(A-B)  pair  (ion-atom  or  atom-atom)  is  very  quickly  established  in  comparison 

to  the  much  slower  relaxation  in  time  t  of  both  the  angular  momentum  L  and  the 

internal  energy  E  of  the  pair.  The  appropriate  time  dependent  master  equation 

2 

would  involve  only  the  set  (E,L  ,t)  of  variables  for  ion-atom  and  atom-atom 

association.  For  ion-ion  recombination,  the  Coulombic  attraction  does  not 

support  an  angular  momentum  barrier  and  equil ibrium  in  L  is  then  very  quickly 

established  in  comparison  to  energy  relaxation  so  that  the  master  equation 
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involves  only  (E,t),  as  in  the  previous  quasi- steady-state  treatments. 

As  the  gas  density  N  is  increased,  relaxation  in  internal  separation  R 

occurs  in  a  time  comparable  to  relaxation  in  internal  energy  E  so  that  both 

1  21 

transport  and  reaction  are  coupled.  It  has  already  been  established  *  that 
a  "Boltzmann-1  ike"  equation  governs  the  development  of  the  pair  correlation 
function,  or  conditional  probability  density  n(R,^,t),  which  is  such  that  n  d^j^ 


is  the  probability  that  the  internal  momentum,  =  mv,  and  internal 

(K  separation  R  of  the  (A-B)  pair  of  reduced  mass  m  and  relative  velocity  y, is 

^  .12 
within  the  interval  dR  d£  about  (R,{))  at  time  Thus 


Hf  I  K‘v- 


(2.1a) 


I  /  d£M  i,dni  -  "^^"oW^iM  0iM(giM’*)]  ' 

1  =  1,2  £m 


-  "<*-uit)  v<!M5> 


(2.1b) 
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where  V(R)  is  the  interaction  between  A  and  B,  where  the  momentum  of  the 
gas  species  M  is  distributed  according  to  a  (time-independent)  Maxwell 
distribution  Nq(Pjv))  at  temperature  0,  and  where  a^d^  is  the  (center-of-mass) 
cross  section  for  A-M  (i  =  1)  or  B-M  (i  *  2)  elastic  scattering  at  relative 
speed  giM  into  solid  angle  dfii .  If  M  is  molecular,  then  °iM  is  augmented  by 
the  collisional  inelastic  cross  section  for  rotational  and  vibrational 
transitions.  The  Q. -integration  in  (2.1b)  is  over  that  scattering  region  . 
accessible  for  the  production  of  all  final  scalar  momenta  p  ( ^  and 

of  the  ^A"B^  pair  and  the  gaS’  consistent  with  ener9y 

conservation  and  with  fixed  £  and  P^.  Included  also  in  (2.1b)  is  a  term,  nv 
which  specifies  loss  of  bound  or  free  pairs  via  irreversible  chemical  reaction, 

as  mutual  neutral i zation  at  frequency  v. 

The  emphasis  of  the  earlier  paper*  was  the  steady  state  recombination 
rate  for  the  case  when  there  were  many  more  dissociated  A-B  species  than  the 
associated  neutrals  such  that  the  dominant  process  was  association  alone.  In 
this  paper,  we  focus  on  the  time  evolution  towards  equilibrium  which  is 
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established  by  the  balance  between  collisional  association  of  the  free  pairs 
and  the  collisional  dissociation  of  the  recombined  pairs  in  a  thermal  gas 
bath.  In  order  to  facilitate  appropriate  theoretical  development,  the 
transport  (streaming  changes)  portion  (2.1a)  and  the  collisional 
(discontinuous  changes)  portion  (2.1b)  of  the  above  Master  Equation  will  be 
formulated  in  various  representations  of  physical  interest. 


2.1  (R,jd)  Transport  Equation. 


With  ^  held  fixed  at  angle  0  to  variable  R,  then  after  some  analysis, 


W  (R2npcos6)pj0 


Ceos*  |£-W?fe!L 


36R  /  slneR  l3*R 


[np  sin  0]p>R 


sin*  cot0R  —  ] 


(2.2) 


for  general  n(R (R ,e R ,*R ) ,  ja(p,e,*)], where  j3(0,*)  is  directed  along  (0,*)  of  a 
spherical  system  with  Z-axis  along  £  which,  in  turn,  is  directed  along 
( 9 r »  <1>R)  of  a  space-fixed  spherical  reference  frame.  Since  the  interaction 
V(R)  is  radial,  then  the  probability  density  n  is  a  function  only  of  R,  p  and 

A  A 

0,  the  angle  between  £  and  ji.  Under  azimuthal  (*,<j>R)  symmetry,  and  with  theaid 
of  (2.2)  together  with  the  corresponding  expression  for  n,  (2.1a) 
can  be  expressed  as 


An(H!t)  n  v  cos  9>p,e 


Is)  [7  ii  {fi  n  cose>R,9  *  p 
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>  v  s1n20)p,R 


(n  sin  0)  R]  ,  (2.3a) 
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which  may  be  cited  as  the  conservative  form  of  the  transport  equation  in  one 
dimensional  spherical  geometry,  since  the  angular  redistribution  terms  vanish 

a 

when  integrated  over  the  full  range  0  _<  6  <_  *  of  the  momentum  direction  g  for 

fixed  R.  An  alternative  form  of  (2.3a)  is 

*\* 


dt 


n(£,£;t) 


3n 

at 


+  v  cos  0 


I  (ini  _  /9V|/in| 

[laRjp.e"  p  laRjIapjR.eJ 

1  •  2Q  f  2  1  av  ] 

2  v  Sin  0  ^  R  -  aR  j 


3n _ 

COS0) 


R»P 


(2.3t 


where  the  internal  energy  E  of  the  AB  pair  is 


E  =  p2/2m  +  V(R)  =  1/2  mv2  +  V(R )  =  T  +  V (R )  (2.-1 

in  terms  of  relative  kinetic  energy  T  and  relative  speed  v. 


2.2  (R,p,| cose] )-Transport  Equations 

Introduce  the  superscripts  (+)  to  distinguish  those  pairs  n+  with  £ 
directed  into  the  upper  region,  0  <  0  <  y  where  cose  >  0  defines  the 
positive  (  +  )  region,  with  outward  directed  radial  speed,  from  those  pairs  n 
with  £  directed  into  the  lower  region,  j  <  0  <  *  where  cos  0  <  0  defines  the 
negative  (-)  region  with  inward  directed  radial  speed.  At  0  *  j  ,  the  radial 
speed  v  cose  is  zero  (at  the  classical  turning  point  of  the  relative  motion). 
The  set  of  equations  satisfied  by, 

ns’d(R,^,|C0S9l ;t)  =  n+(R,p,|cose|  ;t)  +  n"(£,p, Icos®! ;t) ,  (2.5c 


the  sum  (s)  and  difference  (d)  of  the  ^-integrated  quantities, 


,  w  . 

n  (R,p,|cosq|  ;t)  -  /  n— (R,^ ;t )d<t> 


(2.5b) 


is  obtained  from  (2.3a)  to  yield. 


£ns(«.P.|coS9|;t)  =#*i^(R2"d  v|cos8|)  *  R- jrloseT  <"*  v  st"^9, 


at  r2  aR 


'  f]C-I  £  (P2  nd!cosel)  +  sin2e)3  (2.6a) 


A„d(R,p,|cose|;t)  'fr +  («  "S  *|cose|)  ♦  j 


l  zr^TTYi nd  V  Sin2e) 


-  I)c7  i (p2  "S|cos9|)  *J 


l  a 


id  sin2  9)]  (2.6b) 


2.3  (R.p)-Transport  Equations 


2tt  ^ 

»>— (R ,p  ;t)  =  /  d4>  /  d(cose)  n-(R,£;t)  =  /  n(§,£;t)d£ 

o  0,-1  (+,-) 


(2.7) 


be  the  conditional  densities  (per  unit  dR  p^do)  of  pairs  that  are  radially 
expanding  (+)  or  radially  contracting  (-)  across  a  fixed  element  of  surface  S 
at  radius  The  corresponding  intramolecular  currents 


j~(^»P ;t )  *  v  J  n(^,p;t)  | cose |dp 
(+,-) 


(2.8) 


■>  '  J 


"t  ti  r*  • 


are  the  rates  (per  unit  dR  p  dp)  that  pairs  expand  (+)  or  contract  (-)  across 
a  fixed  surface  S  with  normal  e^  oriented  along  the  fixed  direction  £.  In 
terms  of  (2.7)  and  (2.8),  integration  of  the  conservative  form  (2.3a)  over 
each  (+)  region  yields, 


n-(R,p-,t)  -  ±  r2  [|3Rjp  '  ™2  (  3r)r  p]  [r  j  *R,p;t)] 

+  I  v  nQ’p’  9  =  2;t^  [  f  ”  TFvT  Iff  ] 


(2.9) 


where,  owing  to  ^-symmetry  n  (e  =  j)  is  2 tr  n-(R,^;t)  evaluated  at  e  =  ^  which 
corresponds  to  turning  point(s),  the  pericenter  and  apocenter  (where 
appropriate)  of  the  orbital  motion. 

This  density  n(  y)  corresponds  to  orbits  (with  angular  momentum  Lt  =  [R  x 
j)|  *  Rp), which  are  tangential  (8  !  j  )  to,  but  do  not  intersect  the  R-sphere 
i.e.,  n(  j)  is  n~(^)  at  the  pericenter,  and  is  n+(j)  at  the  apocenter  of  the 
appropriate  orbits.  As  R  increases  from  zero,  the  angular  momentum  l_t 
required  to  provide  this  tangential  orbit  must  also  increase,  so  that  the 
orbit  can  only  touch  the  R-sphere  externally  at  its  pericenter.  For  unbound 
orbits  (E  >  0),  lt  can  increase  indefinitely  so  that  n(y  )  remains  n"(-|  )  for 
all  R.  For  bound  orbits  of  specified  E,  however,  then  Lt  =  Rp  required  for  a 
tangential  orbit  reaches  a  maximum  at  a  radius  A  which  is  the  root  of 


J_[_L(R2D2ll  ii]_  2  1 

2  2  [aR  tR  p  [r  VTVJ  aRj  R  '  T 


(2.1U) 


where  T  is  the  kinetic  energy  (E-V). 

As  R  increases  beyond  this  radius  A,  Lt  decreases,  and  the  required 


Lt-orbits  become  internally  tangential  to  the  R-sphere  at  their  apocenters; 
until  R  reaches  the  largest  apocenter  at  R  =  B,  the  turning  point  of  the  L  =  0 
(straight  line)  motion  determined  by  |E|  =  | V (B ) |  for  attractive  interaction. 
Hence  the  density  n  in  (2.9)  is  delineated  as, 

rn~(R,p,  0  *  |-;t)  ;  T  >  T*  =  1/2  R  (3V/3R) 

n(R,p,  0=  |;t)  =<  (2.11) 

^n+(R,p ,  0=  |;t)  ;  T  <  T*  -  1/2  R  (3V/3R) 

★ 

Region  I,  characterized  by  T  <  T  corresponds  to  (E  >  0,  all  R)  and  to  (E  <  U, 

* 

0  <_  R  £  A)  while  Region  II,  characterized  by  T  <  T  corresponds  to  (E  <  U,  A  £ 
R  <  B). 

Note  that  the  coefficient  of  n  in  (2.9)  vanishes  at  R  =  A  and  B.  The 
radius  of  the  bound  circular  orbit  is  given  by  the  root  of 

lV  *  '-2/2mR2]L  =  0  (2.12) 

which  is  identical  with  A,  the  root  of  (2.10)  i.e.,  the  circular  orbit  is 
associated  with  the  largest  value  Lmax  of  the  allowed  angular  momentum,  as 
expected.  Hence,  for  R  <  A,  the  pericenters  of  all  orbits  with  L  <  Lt  =  Rp  for 
given  E  lie  within  the  R-sphere  and  that  orbit  with  L  =  lt  touches  externally 
the  R-sphere,  and  the  apocenters  for  all  L  are  all  external  to  the  R-sphere. 

For  R  =  A,  U  =  L  „  and  the  orbits  are  circular  with  the  pericenters  and 
apocenters  lying  on  the  R-sphere.  For  R  >  A,  the  pericenters  of  all  L  orbits 


and  the  apocenters  of  those  orbits  with  L.  <  L  <  L  are  within  the  R-sphere 

t  max 

and  the  apocenters  of  orbits  with  L  <  lie  without  the  R-sphere.  The  L^-orbit 
is  internally  tangential  to  the  R-sphere  at  the  apocenter. 

The  radius  A  of  the  circular  orbit  for  pure  Coulomb  attraction  is  e2/2|E| 
and  the  maximum  turning  point  B  is  2A.  The  turning  points  appropriate  to 
fixed  (E,L2)  are 


R1j2(E,L2)  =  A  Cl  +  {1  -  L2/2m|E|A2}1/2];  A=e2/2|E|  ,  (2.13) 


such  that,  at  R^  ^  A  then  L2[  =  2m]E|A2  =  1/2  me^/|E [which  is  the  maximum 

2  2 

permissible  value  l_max  of  L  for  a  given  |E|]  decreases  with  stronger  binding  |E| 
For  L  =  0,  Rx  =  0  and  R2  =  B  =  2A.  Also  T  >  T*  =  e2/2R  for  E  >  E*  =  (-e2/2R). 
Hence  (2.11)  shows  that  n(  j)  is  n"  for  E  >  0  at  all  R,  is  n"  for  E  <  0  and  R 
<  A,  and  is  n+  for  E  <  0  and  R  >  A. 

With  the  sum  (s)  and  differences  (d) 


nS,d(£,p;t)  =  n+(£,p;t)  +  n'(|,p;t) 


(2.14) 


and  with  the  total  (s)  current  from,  and  with  the  net  (d)  outward  current  across, 


jS,d(R,p;t)  =  j+(R,p  ;t)  +  j‘(R,p;t), 


(2.15) 


a  fixed  £  -surface, then  (2.9)  is  equivalent  to  the  set. 


£ns(R,P;t) 


j_r  ij_i  jl  iii ni  rD24d/D  „ 

r2 ll3R)p ‘  p2  13rH3p|r pjl  J  <p,p’  ’ 


(2.16a) 


_d_  Ac  n-+\  -  UJ_  +  _LM_L\  JL  „1  [o2lStO  „.4.\1 

dt  n  (R.P.t)  -  3t  +  r2  [[aRjp  "  p2  1 3R|| 3p  JR  PJ  lR  J  ^fPft)J 


-[I-tfvtIr  9  =  f  it)* 


(2.16b) 


in  the  (R.p)-representation .  The  above  forms  are  useful  when  n-(£,p)  are  each 
independent  of  0  i.e.,  when  the  internal  angular  momentum  states  are  in 
thermodynamic  equilibrium  (see  Appendix  A).  Under  this  condition  the  set 
(2.16)  with  (2.7)  and  (2.8)  reduces  to 


dt  nS(R,p;t) 


3n^\  m 

3  V 

3nd  +  [ 

1  3V 1  d" 

,\3R  |p  "  p 

3R 

»P  R  lR 

Te^vJ  3R  J  n 

(2.17a) 


for  the  total  density  n  and  to 


_d_  _d(R  a  3n_ 
dt  n  l“,p,t'  at 


•[I 


m  3V_  3n_ 
p  3R  3p 


L  „s  Onl  a  -  *  >1  r  2  1  3 v' 

2  v  n  -  2n(0  -  ^  )  R  -  aR 

m 


(2.17b) 


Since  (2.17a)  is  appropriate  to  the  L  -equilibrium  averaged  value  of  it  represents 

a  generalization  of  Eqs.  (2.12) ,(2.20)  and  (5.1a)  of  Ref.  1  which  are  associated  only 

/\ 

with  the  speed  v.  along  the  radial  direction  £. 

2.4  (R/T) -transport  equations. 


When  the  kinetic  energy  T  (=  pV2m)  rather  than  E  is  used  as  a  variable, 


then  the  corresponding  densities  and  currents  (per  unit  d£  dT  d^)  are 


n(£,T,jj>;t)  =  m  p  n(R,j0  ;t ) 


and 


(2.18) 


j(R,T,^;t)  =  m  p  j(R,£it)  =  v  n(R,T,£;t) 


(2.19) 


respectively,  such  that  the  ^-integrated  quantities  which  correspond  to  (2.14) 
and  (2.15)  satisfy. 


£ns(R,T;t) 


Si  n<V;t) 


lr  +  7[(^|T-(ls](w)R][R2Jd(*’Tit>] 

■  [f  ■  t  IK]  n(?>T'  ®  *  ?  ;t)v 


(2.2Ua) 


(2.20b) 


In  thermodynamic  equilibrium  (Appendix  A)  at  temperature©,  the 
conditional  density  factors  as 


ns(R,£)  =  (2  irm  k0)’3//2  exp(-p2/2m)  exp(-V(R  )/ke) , 


(2.21) 


and  is  independent  of  direction  (such  that  ns  *  2n^-,  n^  =  o).  It  therefore 
satisfies  the  set  (2.17),  where  each  term  vanishes  separately,  and  the  set 
(2.20)  as  expected. 


2.5  R -Transport  Equations. 


Integration  of  (2.16)  over  the  full  range  (0,»)  of  T  therefore  yields  the 


(2.22 a 


2  2  <v  >  f  3V 


where  the  macroscopic  (configuration)  densities  are 


w 

n s ,d(R ;t )  =  /  ns’d(R,T;t)dT 

o 


and  the  macroscopic  (configuration)  currents  are 


(2.23 


00 

JS’d  (R;t)  =  /  jS’d(R,T;t)dT 

o 


(2.24 


The  averaged  speeds  <v  >  in  (2.22b)  are  determined  by, 

X*  00 

"(R,  9  =  jit)  <vn>  =  /  n+(R,T,  9  =  pt)  vn  dT  +  /^"(jg, T,  0  =  ~;t)  vn  dT  (2.25 
★  1 

where  T  (R)  *  R ( 3V / 3R )  is  either  the  kinetic  energy  of  a  bound  circular 
orbit  of  radius  R,  as  in  (2.11),  or  else  is  zero  for  unbound  orbits,  and  where 


(2.26) 


"<*.  «  ■  fit)  '*  /  n*(jg.T,  8  -  f;t)dT  *  /* n-(^,T,  e  •  f;t)dT 

O  «j>* 

is  the  total  macroscopic  density  at  the  turning  points  (apocenter  for  T  <  T* 
and  pericenter  for  T  >  T*). 

The  variable  sets  (R,^),  (R»p),  (R»T)  and  R  are  quite  natural  at  higher 

gas  densities  N,  since  in  the  limit  of  high  N,  collisions  are  sufficiently 

rapid  to  establish  equilibriun  in  p  or  T  such  that  (2.3),  (2.6),  (2.16), 

(2.20)  and  (2.22)  furnish  quite  naturally  the  appropriate  non-equilibrium 

equations  in  the  various  variables.  When  there  is  T-equi 1 ibrium  for  example, 
+ 

are  separately  independent  of  p  and  satisfy  the  Maxwellian  distribution 


ntol  =  .  X  _1  Tl/2  exp(_T/k0) 

n-(R;t)  n^R)  ^  (k©>3/2 


(2.27) 


where  the  tildas  (~)  denote  equilibrium  values  and  where  the  configurational 
density  is 


oo 

r*-(R ;t)  =  /  n±(R,T;t)dT 


(2.28) 


The  appropriate  non-equilibrium  equations  for  ns,d(R,t)  arp  then  (2.22) 

'V 

where  the  currents  are 

JS,d(R,t)  =  1/2  ns,d(R  ;t)  7  =  1/2  |>+(R,t)  +  n’(R,t)]  7  (2.29) 

and  where  the  averaged  speed 


<v>  =  v  =  (8  k  0/irm) 


1/2 


(2.30) 
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is  simply  the  mean  thermal  speed.  For  T-equilibrium  (2.27)  holds  such  that 


l 


*•*.* 


5 


t: 


n(R,  9  =  |-;t)<v>  *  v[n+(R,t)  -  n°(R,t)  U  +  (T*/k  0  )  exp(-T*/k0) }]  (2.31) 


and 


-  n(R,  9  =  £;t)<v_1>  -  (v/k9)Ln+(R,t)  -  n°(R,t)  exp(-T*/ke)]  (2.32) 

m  2  ^  ^ 

The  macroscopic  eq.  (2.22b)  therefore  reduces  to. 


and  .  v  a  rn2 
at  2R2  3r 


JL  1 v 

k©  aR 


¥ 


(R;t) 


+  n' 


-  ^  nd(R;t)exp(-T*(R)/ke) 

(2.33) 


which  is,  of  course,  coupled  to  its  companion  (2.22a),  with  Jd  given  by  (2.29). 
In  R-equil  ibrium,  ns(jj,t)  is  the  Boltzmann  distribution 

n(J$)  -  expC-V  (R )  /  k©  3  (2.34) 

and  nS  *  2  n+(R),  nd  =  0.  Hence  both  (2.22a)  with  (2.29)  and  (2.33)  are 
satisfied  in  equilibrium,  as  expected. 

At  the  higher  gas  densities  N  where  relaxation  in  R  becomes  the  rate 
limiting  step  and  where  collisions  are  sufficiently  fast  to  promote 
equilibrium  in  p  or  T,  then  the  sets  of  equations  (2.6),  (2.16),  (2.20)  and 


18 


(2.22)  derived  above  are  appropriate  for  application  from  high  N  to 
intermediate  N. 


2.6  (R, 


-Transport  Equations 


In  the  low  N-limit,  equilibrium  in  R  (i.e.,  the  Boltzmann  distribution) 
is  achieved  instantaneously  relative  to  the  rate  limiting  step  of  collisional 
relaxation  in  the  internal  energy  E.  The  set  (£,E,jj))  of  variables  is 

therefore  more  natural  to  this  situation.  When  the  relaxation  in  E  and  in  the 
internal  angular  momentum  squared. 


L2  =  R2p2  sin2e  =  2m[E-V(R)]  R2  sin2e 


(2.35) 


are  both  slow  in  comparison  with  R-relaxation,then  the  set  (£,E,Lr)  of 
variables  is  more  appropriate. 

The  probability  densities  germane  to  the  various  sets  are  related  by 
(2.18)  and  by 


n(!Wd2  d£  H  ni($’E’£>d£  dE  d£  =  n2(S’E’L2)d£  dE  dl-2  d* 


(2.36) 


for  the  probabilities  n  djj,  n^  dE  d£  and  n^  dE  dL^  d4>  that  the  pair  with 
internal  separation  in  the  interval  djg  about  £  has  the  physical  quantities 


,2 


(E,jj>),  or  (E,lT,4»)i n  the  associated  intervals.  Hence  the  various  probability 
densities  are  related  by 


n(R,j5)  =  R2nl(R,E4)v/R2p2  =  2R2  n2(£,E,L2)v  cose 


(2.37) 
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In  what  follows  the  ^-integrations  are  implied  unless  otherwise 

indicated.  In  (2.36)  the  bound  levels  (E,L  )  of  the  AB-pair  are  assumed 

to  lie  sufficiently  close  (relative  to  the  thermal  energy  ke  of  the  gas  bath) 

that  they  form  a  quasi -continuum  in  energy  E  and  angular  momentum  L.  This 

restriction  is  not  essential  and  can  be  removed  by  appropriate  discretization 

2 

of  the  continuous  variables  E  and  L  . 

With  the  recognition  that 


where  the  subscript  denotes  that  quantity  held  constant  throughout  the 
appropriate  differentiation,  then  the  basic  (R, ^-equation,  (2.3)  with  (2.4) 
and  (2.36), in  the  (R,E,£)-representation  is  equivalent  to. 


H  i  p 

dt  nl<R’E45t>  -  TT+  72  IR  {R  nl  V  cose)E,( 

■  K 


2  V  {  R  '  TTvy  3R  1  3 (cose)  (nl  sin2e)R,f 


(2.39 


which  is  the  conservative  form  similar  to  (2.3a),  since  the  angular 
redistribution  term,  when  integrated  over  the  full  range  of  9,  vanishes  as 
with  (2.3a). 


2 

2.7  (R,E,L  )-Transport  Equations. 

2 

The  transformation  p  -*  (E,L  ,$)  in 

n(£,jj)  =  n(R ,E(p,R) ,  L2(p,R,e),  *) 


(2.41 
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may  be  accomplished  via  use  of  the  derived  identities 


Also  the  derived  identity 


J_  -  I  J_l  +  sin2e  ,  2  1 

3R  E  l2  '  3R  E  Q  2  cose  1  R  “  IFVT 


1  iX 

^vy  3R 


(2 .41d) 


is  valuable  for  transformation  between  derivatives  taken  with  respect  to  fixed 
2 

L  and  fixed  Q,  respectively. 

Hence  (2.3a)  reduces  after  some  analysis  simply  to 


A  n(S-e;t)  ■  It  * v  cos8 


(2.42a) 


for  n(R,^;t),  or  with  the  aid  of  (2.37)  for  n^(R,E,j5)  to 


d  „  /n  r  _  3nl  ,  (R2p2cose)  3  r n 2 

dt  "i($’E’S;t)  -  ?r +  ^ ^  ir  lR 


[r2  n1(^,E,j^;t)v/R2p2]E  L2  (2.42b) 


which .with  the  aid  of  (2.41d)  can  be  shown  to  be  identical  with  the  conservative  form 
(2.39)  for  n,(R,E,p;t) .  In  the  (R,E, ^-representation,  (2.42a)  is  equivalent  to 

1  'Kt  'w 


dt  lVR,E’*'  at  +  _2  3R  [R  n2^R,E ,E  ’^v  cose]  E.L2 


for  n0(R,E,L4 ;t)  of  (2.36)  in  terms  of  quantities  (E,Lfc)  which  are  naturally 

C  'Vi 

conserved  in  the  absence  of  collisions  with  the  gas.  An  equivalent  and  useful 
form  of  (2.42a)  is  obtained  from  (2.37)  and  (2.42b)  as. 


it  n2(£’E’L2;t)  =  at2  +,„2  SR  [nl^»E4;t^v/p  ]e,L2  (2-43b 


In  contrast  to  (2.3)  for  n(R,^),and  to  (2.39)  for  n^(^,E,jj),  the 
microscopic  vector  current 


(2.44 


associated  with  the  density  r\2  of  particles  with  fixed  internal  energy  E  and 
angular  momentum  L,  across  a  fixed  surface  therefore  satisfies  the  simple 
transport  equation 


dn  _  3n  ,  1  /  D2 1  \ 

jT  ■  it  0  -sO  1  K  JD/ 


dt  at 


(2.45 


where  n  =  n2(R,E,L  ),  the  microscopic  density,  and  JR  is  the  outward  radial 
component  of  the  microscopic  current  (2.44). 

In  spite  of  the  neat  simplicity  of  (2.45)  this  is  the  first  time  to  the 
author's  knowledge  that  the  transport  terms  in  the  left-hand-side  (2.2)  of  the 
Boltzmann- like  equation  (2.1),  have  been  written  as  (2.43a)  in  terms  of  the 
conserved  quantities  (E,L2)  of  a  collisionless  plasma  being  held  fixed  upon 
the  R-differentiation .  The  form  (2.45)  is  normally  reserved  only  for  the 
macroscopic  net  current  ^(R)  of  all  particles  integrated  over  all  vector 

p 

momenta  (in  magnitude  and  in  direction).  In  equilibrium,  (R  n^  v  cos6)  is 


a  function  only  of  E  (cf.  Appendix  A)  such  that  the  streaming  (gradient)  term 
in  (2.43)  vanishes,  as  expected. 

+  p 

Introduce  n^R.E.L  ;t)  to  distinguish  those  pairs  with  the  same  values  of 
(£,E,L2)  and  therefore  of 


| cose  j  =  [1  -  L2/R2p2]1/2 


(2.46) 


but  with  £  directed  at  0  with  e^  into  the  positive  (+)  region,  0 
into  the  negative  (-)  region  j  <  0  <  ir.  Under  this  distinction, 
equation  (2.43)  is  therefore  equivalent  to  the  set 


<  0  <  j,  or 
the  transport 


^  n±(R,E,L2;t)  =  ff  ±  \  ^  [r2  rr(R,E,L2;t)v|cos0 1]£  l2  (2.47a) 

R  * 

for  or  to  the  set, 

^  ns(R,E,l.2it)  -  |2- + [R2  jd(R,E,LZit)]EjL2  (2.47b) 

^  nd(R,E,L2;t)  -  |2-  +  X  LR2  js (R,E.L2;t)JE>L2  (2.47c) 

for  the  sum  (s)  and  difference  (d), 

nS’d (R,E,L2;t)  =  n?+(R,E,L2;t)  +  n?'(R,E,L2;t)  (2.48) 

2 

of  those  (E,L  )  pairs  which  are  expanding  (+)  or  contracting  (-)  across  R  with 
associated  total  (s  )  and  net  (d )  currents 
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a — 


Y 


js’d($,E,L2;t)  =  ns‘d(R,E,L2;t)v|cos6|  (2.49 

A  A 

with  direction  jd  at  angle  9  with  the  normal  es  to  the  fixed  surface.  The 
set  (2.47)  represents  quite  a  formal  simplification  over  the  corresponding  set 
(2.6)  in  the  equivalent  ( R ,p , | cose ]  ^representation. 


On  integrating  (2.43b)  over  the  configuration  volume  between  two  spheres 
2  2 

of  radii  R^E.L  )  and  R2(E,L  ),  the  turning  points  (pericenter  and  apocenter) 
for  bound  (E  <  0)  orbits  and  on  recalling  that  n  at  R^  and  R^  is  n~  and  n+ 
respectively,  then. 


jjr  rv^(E,L2;t)  =  f?1  ±  2*  [( v2/p|)n  (R2,E,e  =  */2;t)  -  (v^n'^.E,  e  -ir/2;t)] 


where  p.  and  v.  are  the  momenta  and  speeds  at  R. (i=l,^).  Hence 
1  1  \(E,L7) 

ns  *d (E,L2  ;t )  =  n+(E,L2;t)  +n"(E,L2;t)  =  /  ns ’d(R,E,L2;t)dR 

R^E.L2) 


(2.50: 


(2.51) 


satisfy  the  set 


ft  nS(E,L2;t)  =  ^nS(E,L2;t) 


(2.52a 


and 


ft  nd(E,L2;t)  =  |2-  +  41T[(v2/p2)n+(R2,E,e=1r/2;t) 


-  ( v,/p?)n" (R  ,E,e=ir/2;t)l 


(2.52b 


The  significance  of  the  source/sink  term  in  (2.52b)  becomes  transparent 


upon  assuming  ^-equilibrium  when  (Appendix  A), 

[2*R2 


n(£,E,L2;t)  n(R,E,L2) 


n(E,L  ;t) 


n(E,L2) 


v  cose  Ti 


(2.53) 


where  xR  is  the  time  to  complete  one  radial  orbit  (R1  -*■  Rg  -*■  R^)  for  fixed  E 
2 

and  L  .  With  the  aid  of  (2.37),  (2.52b)  therefore  reduces  to 


_d_ 

dt 


nd(E,L2;t)  =  |^-  +  4nd(E,L2;t)/xR(E,L2) 


(2.54) 


which  with  (2.51a)  yields. 


dt  n"^E’L 


|^-  +2(n+-n')/xR(E,L2);  E<0 


(2.55a) 


i.e.,  at  every  half  periods,  expanding  (+}  pairs  in  bound  orbits  are  converted 
by  transport  at  the  apocenter  into  contracting-pairs,  and  contracting  (-)  pairs 
are  converted  at  the  peri  center  into  expanding  (+)  pairs.  For  unbounded  (E  > 

0)  orbits  only  the  pericenter  Rx  is  relevant.  Since  ni  +  ^nasR-*-®  then  (2.55a) 
is  replaced  by 


± 

£  n±(E,LZ;t)  =  +2n'/xR(E,L2) ;  E>0  (2.55b) 

such  that  transport  converts  contracting  (-)  pairs  to  expanding  (+)  pairs  at  the 
pericenter.  Hence  each  set  (2.50)  or  (2.52)  of  transport  equations  yields 
quite  naturally  the  radial  period  under  R -equilibrium  and  therefore  contains 
rather  instructive  information,  particularly  useful  when  orbital  and 
collisional  times  are  to  be  compared. 


2.8  (R,E) -Transport  Equations 

Since  L2  in  (2.35)  varies  between  0  and  Lt2  =  R2p2  for  fixed  R  and  E  as  jg 
varies  within  each  separate  (+)  or  (-)  region,  the  use  of  Leibnitz's  rule22 
for  R-differentiation  of  an  integral  with  variable  R-limits  yields. 


2  2 
r.p 


2  2 


/"  J  L2' 

o  K  R  L  o 


-  [n2  v  cose|9=ii/2  ^  (42)] 


(2.56 


With  the  aid  of  (2.37) 


j(jg,E,L‘;t)  =  n2(Jg,E,L^;t)v  )  cose  |  =  n^jg.E.e  ;t) v/(2R2p2)  (2.57 


2  , 


and  with  the  aid  of  (2.10),  the  L  -integration  of  (2.43)  over  the  range 


(0  -*•  L^)  therefore  yields 


&  ni(R,E;t)  -  If  ♦  4^  [r*  j±(R,E;t)]E  ♦  {  v[|  -  ^  IK J 


n1(R,E,e=  |;t) 


(2.58 


for  the  integrated  densities 


+ 

n- 


L 


2 

t 


l&,E;t)  *  / 


n2-(^,E,L2;t)dL2 


(2.59 


and  currents 


j^(R,E;t)  =  v  /  ng^R.E.L^jt)  jcose|dL^ni<R,E;t)  v<|cose|>  (2.6( 


The  equivalent  set  of  equations  for 


nS’d(^E;t)  =  n+(^,E;t)  +  n_(|,E;t) 


(2.6: 


and  the  corresponding  currents 


js’d(R,E;t)  =  j+(R,E;t)  +  j"(R,E,t) 


(2.61 


which  are  the  total  (s )  and  net(d)  rates  (per  unit  d^  dE)  at  which  particles 
with  speed  v  leave  or  cross  a  surface  with  normal  ^  oriented  along  the  fixed 
direction  JJ,  is 


dt  n  3t  +  02  3R  (R  jd^’E;t^]l 


(2.63< 


and 


£  nd(R,E-,t)  -|2-+  '  i[R2  js(R»Ejt)] 


-  V 


R  '  TPvT  3r]  nl^R,E’2;t^ 


(2.631 


On  integration  of  (2.39)  for  n^R.E.jjjt)  over  the  positive  (+)  region  0  <  9  < 
and  the  negative  (-),  j  <  e  <  region  of  p,  the  above  set  (2.58)  for 


n— (R,E  ;t )  =  /  n^R.E.jS  ;t)dg  (2. 

(+,-) 

ji<R,E;t)  =  v  /  n^(R,E,£  ;t)  1  cos 0 1  djj  (2. 

(+,-) 

and  the  set  (2.63)  for  ns,d  also  follow  directly,  since  the  ^-differential 

a 

operator  in  (2.39)  and  the  ^-integral  operator  in  (2.64)  simply  commute.  On 
integrating  (2.63)  over  the  full  range  -V(R)  E  <_  °°  of  energies  E,  and  with 
the  use  of  Leibnitz's  rule,  the  macroscopic  set  (2.22)  of  equations,  for 


oo 

"S,d(£)  =  /  ns ,d(JJ,E ;t)  dE 

-V(R) 


JS ,d (R )  =  /  jS’d(R,E;t)  dE 

'Ll  '  'Xj 


-V(R) 


is  also  reproduced  with  the  averaged  speeds  determined  by 


n,(R,  e  -  f;t)<v"> 


where 


■  /  n+(R,E,  0  =  |-;t)vn  dE  +  /  n"(R,E,  6  =  f;t)vn  dE 

-V  1  1  r.*  1  L 


E*  -  1/2  R  |s-  -  V  (R ) 


corresponds  to  T  of  (2.11),  and  is  the  energy  of  a  bound  circular  orbit  of 
radius  R. 


For  pure  Coulombic  attraction,  E  *  -e  /2R  <  0;  for  V  R  ,  E  is  zero; 
and  for  V  =  -ae2/2R^  then  E*  is  ae2/2R*  >  q. 


2.9  E-Transport  Equations 


On  integrating  (2.63)  over  all  accessible  R,  then  the  equations  satisfied 


i 

nS,d(E;t)  =  /  nS,d(R,E;t)  dR 


(2.70) 


where  R^  is  either  the  outermost  turning  point  B  determined  by  |E|  =  | V( ) I 
for  E  <  0  or  is  infinity  for  E  >  0,  are 


i  ns(E;t)  =  ^nS(E;t) 


(2.71a) 


S  2d 

for  n  ,  since  the  net  flux  4irRfc  j  (R,E;t)  vanishes  at  both  Ri  and  zero  and 


\  nd(E  >  0;t)  =  f£-  +  lim  Or2  jS(R,E;t)]  -  4*  /  n‘(R,E,  e  =  J;t) 

R-«o  0 


[2  3R  (R2P2)E]dR 


(2.71b 


\  nd(E  <  0;t)  *  J~  -  4  J/  n1'(R,E,  0=  f,t)  +  /n1+(R,E,  e=  f;t)l 

«-o  A  J 

x[7i(R2'j2>E]dR 


for  n^  since  the  total  current  js  vanishes  at  both  0  and  R^ .  Also  A  in 


(2.71c 


(2.71c)  is  the  root  of  (2.10)  for  constant  E  i.e.,  where  jp  (R  p  )E  vanishes 
The  physical  significance  of  the  above  terms  becomes  apparent  upon 
examination  under  thermodynamic  equilibrium  in  R  and  0  when  (Appendix  A) 


n(£,E)  n(£,E) 

n(E)  n(E) 


(2.72 


such  that  (2.71b,c)  reduce  in  this  limit  to 


nd(E>0;t)  =  -  n"(E;t)[E-V(A)]A2//BpR2dR 


(2.73a 


exactly,  since  the  total  transport  can  be  shown  to  vanish  for  ^-equilibrium. 


and  to 


d  b 

^nd(E<0;t)  *  |*-  +  nd(E  ;t)[E-V (A)]A2/  /  p  R2  dR 
aT*  o 


For  Coulombic  attraction,  A  ■  e  /2|E|  is  the  semi-major  axis  and 


(2.73b 


[e- V ( A )]  A2  /BpR2dR  _1  =  \  2^2Je7  ' 


2  13/2  I  m  \1/2  _  1 


=  f  t(|E|) 


(2.73c 


is  simply  half  the  time  period  t  for  a  bound  orbit  of  energy  E.  For  Coulomb 
attraction  therefore 


±  nd  (E>0;t)  =  |^--  4n'(E;t)/t(E) 


4-  nd  (E <0 ; t )  =  +  4nd  (E ; t ) /  x(E ) 


(2.74a 


(2.74b 


which,  with  (2.71a)  yields 


^n±<E>0;t)  2n>(£) 

£  r>— ( E<0 ; t)  =  ^  ni  +  2(n+-n")/x(E) 


(2.75) 


i.e.,  after  every  half-period  (j)  expanding  (+)  pairs  in  bound  orbits  (E  <  0) 
are  naturally  converted  at  the  apocenter  into  contracting  (-)  pairs  which  in 
turn  (for  bound  and  unbounded  orbits)  are  converted  at  the  pericenter  into 
expanding  (+)  pairs.  This  result  is  quite  general  in  that  it  can  also  be 
deduced  from  the  corresponding  eq.  (2.54)  for  (E.L)-nonequi librium  in  terms 
of  the  averaged  radial  frequency 


vr(E)  =  1/tr(E )  =  /  [n(E,L2)/  T(E,L2)]dL2/n(E ) 


(2.76) 


In  this  section  the  basic  transport  eq.  (2.1a)  has  therefore  been 
represented  in  various  forms  (2.6),  (2.17),  (2.20),  2.22),  (2.39),  (2.47), 
(2.52),  and  (2.63)  appropriate,  respectively,  to  the  sets  -  (R,^),  (R,p), 
(R,T),  R,  (R,E,p),  R,E,L2),  (E,L2)  and  (R,E)  -  of  variables  all  pertinent  to 

2 

various  ranges  of  gas  densities  N.  At  low  -+  intermediate  N,  the  set  (R,E,L  ) 

is  more  natural  than  the  set  (JJ,T)  which  in  turn  becomes  more  appropriate  for 

2 

intermediate  -*•  high  N.  The  transport  equation  assumes  for  the  set  (j?,E,L  )  a 
particularly  simple  form  (2.43a)  normally  reserved  only  for  configuration 
densities  (i.e.,  phase  densities  n(£,£)  integrated  over  £).  This  form  is  also 
preserved  by  ns(R,E;t)  in  (2.63a)  but  not  by  nd(R,E;t)  in  (2.63b)  due  to  the 
conversions  at  the  turning  points. 

The  coupled  equations  (2.22a)  and  (2.22b)  must  in  principle  be  solved  to 

yield  the  net  current  j^(R)  in  configuration  space.  It  has  already  been 

1  s 

shown  via  the  continuity  and  momentum  equations  [which  are  v  velocity 
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averaged  moments  (s  -  0  and  1,  respectively)  of  Boltzmann's  eq.  (2.1b)]  that 
Jd  may  be  expressed,  to  a  very  good  approximation,  in  terms  of  the  total 
density  ns ,  by 

i 

*  -  0Vns  (£,t)  -  (K/e)(£V)ns(£;t)  (2.76) 

where  D  3  +  Dg  is  the  diffusion  coefficient  and  K  -  +  Kg  is  the  mobility 

for  the  relative  diffusional-drift  of  A  and  B  in  the  gas  M,  in  terms  of  the 
individual  coefficients  0^  g  and  mobilities  g  for  each  individual  species  A 

or  B  in  the  gas.  This  recognition  permitted  1  the  overall  rate  a  of  the 
process  to  be  analyzed1  in  terms  of  rates,  otRN  and  a-j.R,  for  reaction  and  trans¬ 
port  rates,  respectively,  which  provided  great  insight  to  the  overall  variation 
of  a  with  gas  density.  It  also  helps  to  establish  (  §5.3)  the  microscopic 
foundation  of  the  Debye- Smolu chows ki  Equation. 
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3.  Full  Transport-Colli sional  Equations 

The  collisional  rate  (2.1b)  in  the  basic  equation  (2.1)  for  the 

development  of  the  two-particle  correlation  function  n(R,^;t)  for  (A-B)  pairs 

2 

has  been  transformed  to  the  (R,E,L  ^representation  in  Appendix  B.  With  the 

% 

aid  of  (2.47a)  the  full  Transport-Coil  is ional  Master  Equation  is  then 


dt  "T(£’Ei ’Li ;t*  =  at1  -  .2  3R  ^  ni  (R»Ei  COS0I  \  >L2 

K  1  ] 


-  l?£ 


=  /  dEf  ]  dL^[nJ(JS;t)vif(R)  -  nj(Jg;t)vfi(R)]  (3. 

“Vi(R)  l|-0 

where  the  i-index  specifies  the  combined  internal  energy  E^  and  internal 

2 

angular  momentum  squared  Li  of  the  A8  pair  and  where  the  direction  cosine  is 


(3.1) 


i cose |  *  \^.\  =  (l  -  l2/L2  )]/z 


(3.2) 


in  terms  of  the  maximum  internal  angular  momentum  squared 


Lti  =  Lt(Ei’R)  =  2mCEi  •  v(r)3R2 


(3.3) 


consistent  with  a  fixed  internal  energy  E^  and  separation  R.  Also 


Vi(R)  =  V (R )  +  Li 2/2mR2 


(3.4) 


is  the  effective  radial  interaction  so  that  -V. (R)  in  (3.1)  is  the  energy  of  the 

lowest  vibrational  level  of  AB  consistent  with  separation  R.  The  collision 
2  2  2  -1 

kernel  )dE^dL^  is  the  frequency  (s  )  for  the  transitions 
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V*  V  V 


(R,EH,L.j  )  -»■  (R.E^+dE*,  +dL^  )  in  the  AB  pair  by  collision  with  the  gas 

<\,TTT  T 

species  M,  under  the  assumption  that  remains  fixed  during  the  encounter 

q 

between  (A-B)  and  M,  an  excellent  approximation  for  ion-ion  recombination. 

The  superscripts  (+_)  indicate,  as  before,  pairs  which  are  radially-expanding 
(+),  cose  >  0,  or  radially-contracting  (-),  cose  <  0,  under  the  provision 
(2. IT)  that  n^(R,E^,L^  ;t)  is  n-j”(^r)  when  E  >  E  (region  I)  where 

E*  =  V  +  1/2  R(3V/3R)  (3.5 

and  is  n^(j)  when  E  <  E  (region  II).  Since  a  closed  system  is  assumed,  the 
irreversible  loss  term  n^  v.  in  (2.1b)  can  therefore  be  neglected  in  (3.1). 

3.1  (_R,E,L2)-Equations  . 

Introduce  the  distribution 


^'d(R;t)  =  n^’d(Jg.E(.L12;t)/n1CR,E1,LiZ) 


(3.6a 


'X, 


normalized  to  the  conditional  probability  density  ni  for  thermodynamic 
equilibrium  (see  Appendix  A)  so  that 


nf<R,Ej,l2;t)  =  \  (■,'  ±Yd)  "((R.E^L2) 


(3.6b 


2  , 


The  distribution  is  then  independent  of  whatever  variable  £,E^  or  is 
associated  with  equilibrium.  With  the  aid  of  the  appropriate  set  (2.47b,c)  of 
transport  equations,  the  Master  Equation  (3.1)  therefore  yields  the  set 


3tni(e-Ei-Li-t)  - lR 


on  ^  £ 

=  /  dEf  J  dL^  ^(R;t)  -  y^(R;t)J  C.^(R,E.  ,L.  ;E^,L^)  (3.7a) 
-v^R)  o  1  J 


dt  ni  ^»Ei»Li;t)  =  at'  +  02  3R  [R  Ji^;t^E.,L? 


o° 

=  /  dEf  /  dL*  M(R;t)  .  ,f(R;t)]  C1f(R.E1  ,L?;Ef,L|)  (3.7b) 

_ \T  a  • 


-VJL  ° 


where  i  =  (Ei  ,L1-  ).  Also, 


ns.>d(R,EitL2;t)  =  [n^(R,Ei  ,L2;t)  +  n"(R,Ei  ,L2;t )]  =  yS.,d  n^R.E^L2)  (3.8) 


jS.’d(R,E.,L2;t)  =  n^d(R,Ei,L2;t)  v|cos©|  =  ys.’d  ji  (R,Ei  ,L2)  (3.9) 

2 

are  the  densities  and  corresponding  currents  for  fixed  (R,E-,L.).  The 

^11 

2  2 

equilibrium  rate  for  i(E.j,Lj  )  -*■  f(E^,L^  )  collisional  transitions  at  fixed 
internal  separation  R  is 


Cif<Fi-lVErLf>  =  ",(«>  -  \(«>  vf1(R)  *  Cf1(R.Ef.L';E1,L(), 


2.r  ,2, 


(3.10) 


and  satisfies  detailed  balance.  Dependence  on  the  density  N  of  the  thermal 

gas  M  occurs  both  via  the  (transport)  coupling  between  n^  and  nd  in  (3.7)  and  the  linea 

? 

dependence  on  N  of  the  collision  frequency  (per  unit  dR  dE.  dL,  ), 


vif  =  N  kif^’Ei’Li  ;Ef,Lf  ' 


(3.11) 


.3  -1 


where  kif  is  the  (cm  s  )  rate  for  i  -*•  f  transitions  by  collision  between  one 
pair  (A-8)  with  separation  R  and  one  gas  atom  M  (see  Appendix  8). 

'X/ 


juations. 


With  the  aid  of  the  appropriate  se^  of  transport  Eqns.  (2.63a,b),  integration  of 
(3.7)  over  all  accessible  l^2  yields  the  set. 


&  "1  tR.E, it)  =  ♦  \ 4  (r2  :1(S;t)]E.  fdEf  [^(5it)-vsi(5;t)]  C1f(R)(3.12a) 

K  '-vao 

^n-(R,Ei;t)  =  3ti  +  ^^[R2jV^;t)]Ei  -ni^*Ei’9=  2;t) V[l  "  TE^VT  Sr] 


■  /  <*Ef  [ydf(R;t)  -  r^(JR;t)  ]  C.f(R) 

-V(R)  V 

in  variables  R  and  E.  for  the  integrated  densities, 

'V  I 

Lti 

n*’d(^.E,;t)  =  /  n51>d(£,E1,l12;t)<llj2 


and  the  integrated  currents. 


jS*d(|,E1;t)  •  v  fnS1,d(^Ej,L1Z;t)|cose|dLj: 

i  o 


(3.12b) 


(3.13) 


(3.14) 


*  v  /  ns1’d(R,Ei,L2;t)  |cose|d^  =  v  ns1»d  (^,Ei  ;t)<cos0> 

Note  in  (3.12b)  that  nj  is  the  angular  density  per  unit  dRdE^  d(cose),  as  in 

-  2  2 
(2.36),  evaluated  at  e  =  \  i.e.,  at  the  turning  points  where  =  IZ.- 


The  collisional  frequency  v^(R)  for  (E.j,R)  -*•  (E^.R)  transitions 

2  2 

integrated  over  all  angular-momentum  changes  (L^  ,L^  )  consistent  with  fixed 
and  E^  is  given  by 


\l  9 

!  A,  2 


n  tf  o 
2  \  f  h  i  2 


ni  (J^’E-j  Jt)  vif(R)  =  /  dL/  ni(R,Ei,Li<:;t)  /  dLf*  v.f  (j^  ,Li  %Ef  ,L/)  (3.15) 


with  corresponding  equilibrium  collisional  rates 


L2  L2 

C1f(R)  -  /“a L(2  /tfdLf2 

O  O 


(3.16) 


in  (3.12).  Expressions  for  the  averaged  rates  (3.16)  for  various  interactions  between 
AB  and  M  can  be  formulated  directly  from  collision  theory  (refs.  6-12  and  Appendix  B). 
The  normalized  distribution  in  (3.12)  is 


(R»Ei  Jt)  -  r5*d(g,EiSt)/n1(R,E1) 


-  [  /  Yj’a(^,Ei,lj2:t)  n,  (R.E,  ,L1,1>dLi£3/n1  ( R , E, ) 


2\^i  2-i/'' 


(3.17) 


and  becomes  independent  of  E^  or  £  when  equilibrium  is  attained  in  E^  or  R, 
respectively. 

3.3  R-Equations . 

On  integrating  (3.12)  over  the  full  range  -V (R )  <_  Ei  £  «  of  E^ ,  then,  on 
applying  Leibnitz's  rule,  and  on  recognition  of  the  null  effect  of  collisions. 


the  following  set 


■k  "s  <«it> 


dt  n 


*!r  +  £&  [R2jd<R)] 
*!r  +  £*  [r2  jS(r)] 


=  n(R,i;t)  .v.l’f-lilCiiljV1 

2  [  R  m  <v>  |3R  j 


(3.18a) 


(3.18b) 


is  obtained  for  the  macroscopic  densities  (2.66)  and  currents 
(2.67).  The  quantities  n^  <vn>  are  determined  by  (2.68).  When 
thermodynamic  equilibrium  exists  in  all  variables  except  R,  thenJ^  is  E  - 
independent  and  is  given  by  (2.29)  so  that  (3.7a)  upon  E- -integration  yields 
(3.18a)  directly. 


/-tquatTon 


The  appropriate  set  of  transport-col  1 isional  equations  is,  with  the  use 


of  (2.52), 


■  W-  /“*f  H.?  (T*f  -  T?l  C^E,  .Lf 
-D  o 


(3.19a) 


where  i  specifies  (E^ ,L^),  and 

3nd  p 

chT  ni  (Ei  ,Li  ;t)  =  W  +  4lT^v2/p2^  n1^2’Ei’9=  2;t^ 

-  (vj/pj)  n  ($i»Ej»e®  2’»t)j 


L 

00  mf 


■  /  «f  /  (r?  -  r°)  C(f(E.,l‘;Ef,l‘) 

-D  o 


(3.19b) 
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where  the  equilibrium  rate  for  i  -*■  f  transitions. 


Cif 


“2 


/  cif  ^»Ei  *4  ;Ef  »Lf 


(3.2 


Ri 


is  determined  by  ^-integration  of  (3.10)  between  the  limits  Rj  * 

min[R1(Ei,L^),  R1(Ef ,l|)]  and  R'2  *  min  [R2(Ei,L^),  R2(Ef ,l|)].  The  lowest 

bound  vibrational  energy  of  the  AB  pair  is  -D  and  L  ^  is  the  square  of  the 

o 

maximum  angular  momentum  <2m| | A  ) for  <  0  or  infinity  for  Ef  >  0  for  a 
given  energy  E*. 


3.5  E -Equations. 

On  integrating  (3.12)  over  all  accessible  J?  consistent  with  (E^,E^),  and 
on  adopting  the  appropriate  transport  equation  (2.71),  the  densities 


n^-d(E1  ;t)  =  /  nJ-a(R.Ef  ;t)djg 


s,d/ 


(2.70) 


per  unit  dEi  then  satisfy 


it  "i<M>  *  M1'  /  dEf  -Yi<‘)]Cjf(E,.Ef) 


an.  » 


-D 


where  -D  is  the  energy  of  the  lowest  bound  level  of  AB,  and  either 


£  nf  (E^Ojt)  =  — 1  +  1  im[4irR^  jS.  (R,Ei  ;t)  ]  -4tt  /  n"(R,Ei,  6  =  f;t) 


an* 


.2  ,s 


(3.21 


for  E  >  0,  or 


HF"?(El<0;t)  'FT- 


4*[  /  n"(R,E,  e*  ^;t)  +  /  n+(R,E,  e  =  j;t) 
o  A 


dR 


(3.21c) 


for  E  <  0,  set  equal  to  the  colli sional  rate 


$nJ(Ei;t)  =  /°°dEfCYdf(t)  -  yd  ( t ) 3  Cif(Ei  ,Ef )  .  (3.21d) 


The  index  i  specifies  only  the  energy  E.. .  The  equilibrium  rate  C-^  in 

(3.19)  for  Ei  -*■  E^  collisional  transitions  at  all  accessible  R  and  angular 
2 

momenta  L  satisfies  detailed  balance  and,  in  terms  of  (3.16),  is 


Cff  ■  /  C1f<M  ■  'fl 


(3.22) 


where  R^  is  the  minimum  of  the  outermost  turning  points  and  Rf  associated 
with  Ei  and  Ef,  respectively.  The  normalized  distributions  in  (3.21a, b)  are 

Ri  Ri 

T,(t)  •  n1(E);t)/ni(E1)  •  /  n,  (R.E,  ;t)<lR/  f  (R.E,  )dR 


*  /  T,(R,E.;t)  n,(R,E.)dR/  /  n . (R , E, )dR 

;  1  'V  1  1  *\j  1  'Vi  4  I'Vl'V 


(3.23) 


in  terms  of  (3.17),  and  become  independent  of  E..  for  E^-equilibrium  in  n^ .  The 


collision  rate  (3.15)  integrated  over  JR  is 
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(3.24) 


"f(Ei;t>  “if  =  ^ni(R.E,;t)  v1f(R)dR 
which  reduces  to  (3.22)  for  C..f  under  full  equilibrium. 

In  contrast  to  the  above  derived  transport-collision  equations,  (3.7)  in 
(R,E.:,L^),  (3.12)  in  (R,E.)  and  (3.18)  in  R,  eq.  (3.21a)  for  nS  appears 

^  i  'v  •  i 

uncoupled  from  (3.19b).  It  however  remains  complex  in  principle  since  the 

«  J  A 

collisional  rates  (3.24)  and  (3.15)  are  determined  by  the  solutions  n.  (R,E- ,L  ;t) 

1  'V  I 

to  the  original  set  (3.7).  The  above  sets  are  equations  satisfied  by  the 
integrated  quantities  n4(R;E4;t),  n(R',t)  and  n^E^'.t)  have  all  been  derived 

1  'K*  1  f\j  11 

from  the  basic  set  of  Master  Equations  (3.7)  for  non-equilibrium  in  R,  E  and 
.  Assumption  of  equilibrium  in  at  least  one  of  the  variables  L^,  E^  and  Jjt 
provides  the  following  simplification  via  reduction  in  the  dimensionality  of 


the  solutions. 


When  thermodynamic  equilibrium  among  the  angular  momentum  levels  is 
established  in  n^+  and  n^~  independently  much  more  rapidly  than  equilibrium 
associated  with  the  remaining  variables,  and  R,  then  (Appendix  A) 


nT(R,E.,J;t)  n±(R,E.,L2)  22 

1  V.  L-  1 - =  J  — -  -1 — —  =  2RV  cose 

nf(R,E.)  L 


nT(R,Ef;t) 


I]'1 


(4.1) 


and  hence  the  normalized  distributions  Y**d(£,E^  .L^jt)  are  independent  of  Li 
The  current  (3.9),  reduces  to 


jf’d(Jg,Ei,Li2;t)  =  1/2  vinf»d(R,E1;t)/R2p2  (4.2) 

2  2 

and  is  independent  of  so  that  the  -integrated  current  (3.14)  is 

j^’d(R,Ei;t)  -  1/2  vin5,d(R,Ei;t)  =  1/2  y]'d  \  (4.3) 


where  Y^,d  are  the  normalized  distributions  (3.17). 

The  equilibrium  total  current  (Appendix  A)  and  its  gradient  are 


*  exp(-Ei/k0) 

Ji  («)  -  "i(£.Ei)v.j  - 


^TrmkeJ 


372—  [strml  Ei  -V  (R )]]  , 


(4.4a) 


and 


J_  _L  to?*  \  -  \l  1 

r2  aR  Ji '  "  [r  “  TCT7 


3V 

3R 


(4.4b) 


a  relation  which  is  intimately  connected  with  (2 AO),  since  R  j..  for  constant  E  varies 

as  L2  =  R2p2.  The  derivative  vanishes  at  R  =  A,  the  radius  of  the  sphere  which 
max 

2 

intersects  the  maximum  number  of  bound  (E,L  )  orbits  possible  at  a  given 

energy  E  <  0. 

o 

For  L  -equilibrium  (4.1),  the  directional  density  (2.37), 

n^.E^ejt)  =  2R2p2  cose  n-  (R,Ei  ,Li2;t)  =  n^R.E^t)  (4.5) 

per  unit  d£  dE  d(cose)  is  therefore  independent  of  0.  The  ({l,E.)-set  of  Master 

2 

Equations  (3.12)  reduce, with  the  aid  of  (4.3)  -  (4.5)  for  L  -equilibrium,  to 


cE  n i  (S‘Ei;t)  =  at1  +  r2  aR  2  r2  Y^;t)ji(R)  E_ 


=  /  dE-  fy^R;t)  -  yS.(R-,t)  C.f(R) 

-v(r)t  l 


(4.6a) 


and  to 


/"< lEf  -  v?(R;t)]  Cjf(R) 


(4.6b) 


-V(R) 


where  i  now  specifies  E.  alone. 

The  upper  (-)  and  lower  (+)  signs  in  the  third  term  of  (4.6b) 
respectively  apply  to  region  I  (E  a  0,  all  R;  <  0,  0  <:  R  v<  A)  or  to  region 
II  (E<  0,  A  <  B  <:  8) .  It  is  important  to  note  that  the  four  equations  obtained  by 


Bates  and  Men das ^  from  conservation  considerations  in  the  interval  dEdR  and 
from  detailed  balance  arguments  can  be  rewritten  compactly  in  the  form  (4.6) 

c  H 

with  the  explicit  time  dependences  an..  *  /at  ignored  for  all  and  R. 

Since  (Eq.  (2.3)), 


1 

7 1 


■m 


=  j.  j.  (R2,d>  _  „  iv  /  l^i.) 

jE,  „2  3R  (R  V3RUi/R 

.23 


it  is  now  apparent  that  consideration  of  the  variation  with  R  of  the  flux 
appropriate  to  constant  E..  is  equivalent  to  consideration  of  both  streaming  terms 
which  separately  give  rise  to  diffusion  and  drift,  respectively,  in  contrast  to 
that  earlier  thought  (ref.  1,  p  449). 


For  Coulombic  attraction,  V (R ) 
the  coupled  set. 


-e  /R,  for  example,  the  set  (4.6)  yields 


d  .....  3ni  .  ir»t  .  (2Erv)  dl> 

dt  n'i(<5’Ei’t)  “  at  2pR  R(E1'-V)  Yi J  Ji 


.v{wEf  K(R;t)  -  ^(R;t)]  Cif(R) 


(4.7a) 


where  i  denotes  Ei ,  and 


j  j  3ni  i  P^ 

dt  ni  ^*Ei =  TC  +  2  [  3R~ 


l2Ervl  dl-v 

+  R(E.-V)  Yi  ji 
1 


-  v/RdEf  [vf(R;t)  -  y?(R;t)]  Cif(R) 


(4.7b) 


which  can  be  solved  by  numerical  techniques. 

Since  ^-equilibrium  is  established  at  low  gas  densities  N  where 

relaxation  in  internal  energy  E  is  the  rate  limiting  step,  the  set  (4.6)  for 

non-equilibrium  R  and  E  is  naturally  more  appropriate  for  low  to  intermediate 

N.  In  the  limit  of  high  N,  (Maxwell)  equilibrium  in  scalar  momentum  p,  [or 

kinetic  energy  T  -  E^  -  V(R)]is  established,  and  relaxation  in  the  separation 

R  Is  the  rate  limiting  step.  Hence,  a  more  natural  set  of  variables  for 

intermediate-high  N  is  (R,T)  and  the  associated  transport  equation  is  provided  by 
2 

(2.20).  For  L  -equilibrium,  the  appropriate  set  satisfied  by 

45 


Yi’d(£*Ti ;t>  ■  "J-d<5-Ti :t)/'f>i(R,T1 ) 


(4.8) 


is  therefore 


t^(«,Ti;t)  ($ )(ir7)J{r «2v?<R.Ti ;t)  ?,({.!,)} 

■  /’“ Tf  [vSf(g;t)  -  Y=(Rit)]  C^dj.Tf) 


(4.9a) 


where  the  equilibrium  rate  is  simply  a  function  only  of  "T  and  but  not  of  R 
(see  Appendix  B),  and 


(4.9b) 


where  j^(R,T^)  is  given  by  (4.4a)  with  -  V(R).  Thus,  the  complexity 

22  • 

is  shifted  from  solution  of  Vol terra-type  mtegro-differential  equations 
(4.6)  with  the  first  order  differential  taken  with  respect  to  one  variable,  R 
and  with  the  R-dependent  function  V(R)  as  an  integration  limit,  to  solution  of 
integro-partial  differential  equations  (4.9)  with  first-order  differentials 
now  taken  with  respect  to  two  variables  (R,T^)  but  with  fixed  (0,°°)  integration  limits 
In  the  limit  of  high  gas  density  N,  the  distribution  in  kinetic  energy  T 


is  Maxwellian  (2.27),  ^  ($;t)  are  independent  of  Ti  and  the  collision  sides 

of  (4.9)  vanish.  On  integration  over  Ti ,  (4.9)  then  reduces  to  the  coupled 
set  (2.22a)  and  (2.33)  with  j*(R)  is  given  by  (2.29). 

2 

4.2  (L  ,R)-equilibrium:  E-noneauilibrium 


If,  in  addition  to  L  -equilibrium,  equilibrium  in  R  is  established  for 

S 

the  total  density  n^  (but  not  for  the  net  density  n^  )  so  that  relaxation  in 
E  is  the  rate  limiting  step,  as  at  low  gas  densities  N,  then 


nfa.Eiit)  VS^) 


r»*(Ej;t)  "i'V 

and  y.jS  (but  not  y^)  is  therefore  independent  of  R. 
limit  to. 


(4.1U) 


The  set  (4.6)  reduces  in  this 


dt  ni  ^’Ei;t^ 


)  oo 

[|R2v,d(«;t)ji]  -  /  dEf  hfs(t> -Yls(t)xlf(B) 


-V(R) 


(4.11a) 


and  to. 


V .  { R  it )  a  1  00  rl 

_ L  a  1  a  r  A  o £  i  r  d. 


3t  -  r2  3R 


*  c  t  R  ji]  =  /  dEf  Cvfu(R;t)  -  Yiu(R;t)Dcif(R) 


-V(R) 


(4.11b) 


where  (+)  and  (-)  apply  to  regions  I  and  II,  respectively.  Since  y^d(R  -*■  ®,t) 
for  Ei  >_  0,  and  j,  at  the  turning  point  R,  =  B  for  bound  levels  (E,  <  0)  both 


vanish,  then  integration  of  (4.11)  over  all  accessible  R  yields,  in  terms  of 
the  integrated  equilibrium  colli  si onal  rate  (3.2U), 


_d_ 

dt 


n*(E.;t) 


(4.12a) 


for  the  total  probability  density  which  is  decoupled  both  formally  and  in 
practice  from  its  companion. 


_d_ 

dt 


nJ(Ei;t) 


dR 


■  /”« f  I  [vdf(RU)  -  ^(R;t)l  Cit(Ef,Ef,R) 
-Do 


(4.12b) 


for  the  net  balance  of  expanding  contracting  pairs. 

This  set  (4.12)  corresponds  to  the  case  of  equilibrium  for  n^  in 

(£»L-j2).  via  (4.1)  and  (4.10), for  n^  in  l^2  alone  via  (4.1),  and  of 

non-equilibrium  for  both  ns,c^  in  alone.  This  case  is,  in  general, 

appropriate  to  ion-ion  recombination  at  low  gas  densities  N.  It  is  not, 

however,  appropriate  to  ion-atom  or  atom-neutral  association  since  here,  in 

contrast  to  Coulombic  attraction  in  ion-ion  recombination,  the  A-B  interaction 

via  the  angular  momentum  barrier  can  support  bound  states  with  positive 

12 

energies  and  angular  momentum  transitions  are  important.  When  ^-equilibrium 

±  n 

is  assumed  for  n^ ,  then  Y^  in  (4.12b)  is  zero. 

Rates  for  association/dissociation  can  be  determined  directly  (§  5)  from 
(4.12a)  without  recourse  to  (4.12b)  which  furnishes  via  (4.11b)  the  net 
densities  n^D(£,E^;t)  and  associated  net  currents  (4.3).  The  above  collisional  input 
output  Master  Equation,  (4.12a),  has  been  the  governing  basis  of  many  studies 
of  ion-ion  recombination®"**  and  atom-atom  association*^’*^  at  low  gas 


in  i  .nj  it  ■  1 1  i„pi,  i| 


densities,  and  was  there  deduced  from  simple  arguments  based  on  the  net  rate 
of  growth  of  pairs  in  energy  level  .  The  complementary  Eq.  (4.12b)  or  its 
basis  (4.10b)  is  new  and  serves  to  complete  the  picture  of  recombination  at  low 
gas  densities . 


2 

4.3  g-equi librium;  (E.L  )-nonequi 1 ibrium 

2 

Even  in  the  limit  of  low  gas  densities  N,  L  -equilibrium  is  in  general 
not  obtained  except  for  the  specific  cases  of  interactions  (as  Coulombic) 

which  cannot  support  an  angular  momentum  barrier  at  positive  energies.  For 

12  12 
ion-neutral  and  atom-neutral  association,  it  is  essential  to  acknowledge 

2  .  s 

departure  from  L  -equilibrium.  Low  N  implies  ^-equilibrium  in  n..,  i.e.. 


where  (E^,L.  ;  is  tne  *  ’me  see  Append’ 
trip  between  the  tur'”n<?  po  . 


[2-vR2  cose'ip]"1  (4.13) 


«  6  to  complete  one  radial  round 
Both  the  flux,  which  then  reduces  to 


(4.14) 


s  ? 

and  are  then  all  independent  of  R.  The  (_R .  E 1  ,  l^J-set  (3.7)  reduces  to. 


s 

an. 


£n?(R.E,,L2;t)  [fi2 

=  /  dEf  f  dL2  fYsf(t)  -  Ys.(t)l  C.f(R,E.,L2;Ef,L5)  (4.16a) 

-V.(R)  o  L  J 

1 


where  index  i  denotes  (E^,L.^),  and  to 
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dt  ni^,Ei’Li;t^  at  t/  dEf  ^  dLf  [Yf^,1:^  ' 


2  r  d/ 


-V^R)  o 


(4.15b! 


which  is  fully  decoupled  from  (4.14a). 
The  R-integration  densities, 


2 

niS,c\Ei,Li2;t)  =  /  (R,E.  ,Li2;t)dR 


(4.16; 


therefore  satisfy  the  set 


3n  ?  r2 


L  , 
oo  tf 


^  n*  (Ej  ,Lf  ;t)  -  ^  ■  j‘d(  /  dE  /“dL*  fy^t)  -  Ts(t)l  Cff(R) 

R,  — V. (R)  '  o  T  1  T  1  J  IT 


(4.17a) 


since  the  current  vanishes  at  the  end  points,  and 


&"1<E1-L?;‘>  ■  IF  -  /‘<*«  fl  Ef  j“d  L?  [r^(^;t)-Y^(R;t)j  C,f(R)  (4.17b) 

D  _ U  I  U  l  * 


3n?  R2 


2  r  d 


R,  -V .  ( R)  o 
1  1 


which  are  now  fully  decoupled  from  one  another. 


The  integrations  in  (4.17a)  may  then  be  re-arranged  to  yield 


/  dEf  f‘ dL^  [YSfU>  -  ys(U>]  f  Cjf(R)dR 


2  rs 


-D  o 


(4.18) 


where  R'2  =  min  [R2(Ei#L2),  R2(Ef,L2]_]  >  R[  =  mi  n[R1  (Ei  ,L2) ,  R2(E^»L2)],  where 


2  2 

is  the  square  of  the  maximum  angular  momentum,  (2m  |E^|  A  /  for  bound  states 

or  infinity  for  dissociated  states], for  fixed  and  where  -D  is  the  energy  of 

the  lowest  bound  vibrational  level  of  the  AB  pair. 

Rates  for  association/dissociation  can  be  obtained  (§  5)  directly  from 

(4.17a)  without  recourse  in  principle  or  in  practice  to  its  decoupled 

companion  (4.17b),  which  yield  the  net  densities  n^a (R,E^  ,L^;t)  and 

d" 

associated  currents  . 

In  summary,  coupled  sets  of  Master  Equations,  (4.6),  (4.9),  (4.12),  and 

2 

(4.17)  appropriate  to  non-equilibrium  only  in  (JR, ) ,  (JJ,T.j),  Ei ,  and  (E.j,L  ) 
sets  of  variables  have  been  systematically  deduced  from  the  basic  set  of 
Master  Equations  (3.7)  for  general  ( R , ,  L^-non  equilibrium.  Even  for  the 
most  reduced  case  (4.12)  of  non-equilibrium  in  E^  alone,  the  subject  of  many 
previous  treatments6-14,  the  present  procedure  has  uncovered  an  additional  equati 
(4.12b)  valuable  for  providing  the  full  description  of  the  recombination 
process  at  low  gas  densities. 


The  full  transport-collisional  equation  (3.12a)  for  the  density 
n^S(R,E.;t)  of  (3.13)  in  terms  of  the  net  current  of  (3.14)  is 

1  'Vi  1  1 


dt  niS^’Ei;t^  at  +  r2  3R  [r2  J'id^R^,Ei  =  Iv(R)Si^^,t:^dEf 


(5.1) 


where 


sif(R,t)  =  niS(R,E.;t)  vif(R)  -  nfS(R,Ef.t)  vfi(R)  *  -Sfi(R,t)  (5.2) 


is  the  net  two  level  collisional  rate  of  depletion  of  energy  level  Ei  or  net 
rate  of  production  of  E^.  The  minimum  energy  level  consistent  with  fixed  R  is 
-V (R )  which  always  lies  above  -D,  the  lowest  energy  level. 

Subdivide  the  full  region  of  internal  energy  Ei  into  three  blocks:  the 
continuum  block  C  with  0  _<  E^  £  an  excited  block  E  with  -S  <_  E^  <_  0  and  the 
block  S  of  lowest  excited  levels  in  the  range  -D  <_  E^  £  -S.  The  block  S  in 
principle  comprises  all  those  levels  between  the  lowest  vibrational  level  -D 
(^5  eV  %  20U  k  (300/0)  at  both  temperature  0  and  an  intermediate  level  -S 
defined  as  that  level  below  which  the  net  probability  of  direct  dissociation  by 
collision  with  the  thermal  bath  is  negligible.  In  practice,  level  -S  arises 


naturally  from  the  collisional  mechanics  via  the  cut-off  effect  of  the  Maxwellian 
distribution  of  the  gas  at  temperature  0  and  generally  lies  n,  10  k0  below  the 
dissociation  limit  (taken  as  zero  energy).  The  central  block  E  of  highly  excited 
bound  levels  is  sandwiched  (Fig.  1)  between  the  continuum  C  -  the  fully 
dissociated  block  -  and  the  fully  associated  block  S  and  has  no  internal 
sources  or  sinks  but  is  coupled  by  collision  to  both  C  and  S.  Each  of  C  and  S 
may  be  considered  as  a  source/sink  combination  interconnected  by  E  when 


association  is  the  dominant  process,  or  as  a  sink/source  combination  when 
dissociation  is  dominant.  Dissociation  can  therefore  occur  via  stepwise 
collisional  excitation  through  intermediate  block  E,  as  well  as  directly. 
The  macroscopic  pair  distributions 


in  block  C, 


in  block  E,  and 


",;(«.»)  *  /  "iS(R.£)  St)dE, 


(5.3a) 


(5.3b) 


-S  . 

ns(R,t)  »  /  ns(R,E- ;t)dEj 
s'  -V(R) 1  %  1  1 


(5.3c) 


over  those  levels  in  the  energy  range  -V(R)  <_  Ei  £  -S  of  block  S  accessible  by 
collision  at  R,  therefore  satisfy 


00  00 


nnc<^-t>  +  Z‘ic  '  '  /dEi  I  Sif(R,t)dEf 

o  -V 

H  "«<?■»>  +  W*  ■  -.|°dEi/ sif(R-t)dEf 


9t  "s(R*t)  +  US  ■  -JdEiJ  Sif(R,t)dEf 


,  all  R  (5.4a) 


,  R  <  Rs 


.  R  <  Rs 


(5.4b) 

(5.4c) 


where  R$  is  the  classical  turning  point  associated  with  level  -S.  The 
corresponding  contributions  from  blocks  C,  E  and  S  to  the  net  radial  current 


53 


(5.5) 


Jd(R,t)  »  /  j1d(R,Ei;t)dEi  *  Jc(R,t)  +  Je(R,t)  +  J$(R,t) 

1 

are  Jc,  Jg  and  J$,  respectively.  Since  Sif  =  "Sfi  the  upper  limit  to  the 
integration  over  Ef  in  (5.4a)  is,  in  effect  0  while  the  lower  E^-limit 

-V  is,  in  effect,  -S  for  (5.4c). 

Since  the  net  effect  of  collisions  is  null  for  this  closed  system, 
summation  of  5.35(a)-(c)  yields  the  continuity  equation, 

Ji  +  l-i*  '  0  <6-«> 


which  agrees  with  (3.18a). 


For  R  >  R$, 


block  S  does  not  exist  and 


-V  '-V 


sif 


(R)dE. 


,  R  >  Rs 


(5.7) 


holds  instead  of  (5.4b,c).  The  lower  E^-limit-V  in  (5.7)  is  0,  in  effect. 
Since  j^d  vanishes  at  infinity  (for  E^  U)  and  at  the  classical  turning  point 
Ri  (for  Ei  <  0),  integration  of  (5.1)  over  all  accessible  R-space  yields 


£n((Ei,t) 


I  dR  !  $,f(R,t)dEf  * 
0  1T  ' 


R., 

00  17  00 
-  /  dEf  /  Sif(R,t)dR  S  -  /  s. 
-D  o  ^  -D 


(t)dEf  (5.8) 


for  the  rate  of  change  of  density  per  unit  energy  interval.  Within  (5.8),  the 
formal  order  of  (R,Ef )-integrations  has  been  interchanged,  R^  *  min(RitRf)  and 


S,f(t)  -  I  Stf(R.t)dR=  -Sfj(t) 
0 


(5.9) 


is  the  net  frequency  (per  unit  dE^E^)  of  collisional  transitions  (i  -*■  f) 
between  E,  and  £..  Hence,  the  rate  of  change  in  the  configuration  density 


nc(t)  =  /  nc(R,t)dR  =  /  dR  /  n^R.E.  ;t)dE.  =  /  n.(E,t)dE.  (5.10) 


0  0 


of  free  pairs  is  exactly. 


n  "ct'l  *  •  fdEi  H*  l  Sif(R,t)dEf  =  -  J*dE(  /°s1f(t)dEf 
0  0  -V  0-0 


-  /  dEi  /  Sif(t)dEf 
-D  o 


(5.11) 


which  can  also  be  obtained  by  R-integration  of  (5.4a).  The  corresponding  rate 
of  change  in  the  density 


s  s  S 

ns(t)  *  /  n$(R,t)dR  -  /  dR  /  n.s(R,E1;t)dEi  =  /  n^E-.tJdE.  (5.12) 
o  o  -V  _n 


of  pairs  bound  in  blocks  is  exactly 


n$(t)  * 


-S  Ri 

-  /  dE,  /  dR  /  S1f(R.t)dEf 
-D  0  -V 


/  dEi  /  S1f(t)dEf 
-D  -S  1 


dEi_/  V^f 

(5.13) 


which  also  follows  from  R-integration  of  (5.4c). 

Integration  of  (5.1)  over  R  from  0  to  Rg  yields. 


Tt  i  "i'fS-'K  *  4'RS‘  V(M>  *  -  J  dS  /  S1f(R,t)dEf 

o  -  v  ^ 


2  ,  d, 


(5.14) 


which  expresses  continuity  for  each  level  E^  within  the  reaction  sphere  of  radius 


R$.  Hence  with  the  aid  of  (5.13), 


Jt  I  dEi  /  niS(R»t)dft  +  4*RS2  / J1d(Rs,t)dEi  — /  dEi  J  dR  /  Sif(fc,t)dEf  (5.15a) 
-S  o  -S  -So  -V 


c 

»  S  -S 


W  -O 

-  I  «1  /  Si- 

-S  -n 


(t)dE, 


(5.15b) 


3n$(t)/3t 


(5.15c) 


Eq.  (5.15b)  simply  states  that  the  flux  entering  the  sphere  equals  the  sum  of 
the  collisional  rate  of  production  of  S-pairs  and  the  rate  of  increase  of  the 
contributi on  from  the  react  ion  volume  to  the  density  of  C  and  E  pairs.  Eq. 
(5.15c)  also  follows  from  (5.6)  without  the  intermediate  collisional  step. 
Integration  of  (5.1)  over  R  from  R$  to  R^ ,  the  classical  turning  point  (for  E^ 
<  0)  or  infinity  (for  E-  >_  0)  yields 


3t  /  "iS(g.t)<tj  -  *i  <M>  =  -  /  dR  /  Sif^’t)dEf»Ri>Rs  (5.16) 

R-  Rc  _v 


the  continuity  equation  for  each  level  E^  external  to  the  reaction  zone. 
Hence, 


jil  v  "i^xs 

-b  Rs 


_  00 

2  r  ^  d  / 


wi  J  Ji  C?,.t)«i 


(5.17) 


due  to  the  null  effect  of  collisions.  Addition  of  (5.15c)  and  (5.17)  simply 
yields  the  conservation  equation 


Oc(t)  +  ne(t)  +  ns(t)]  =  0 


(5.18) 


for  the  sum  of  the  densities  (5.10)  and  (5.12)  in  blocks  C  and  S  and  of 


0  0  * 
ne(t)  *  /  n(Ei,t)dEi  *  J  dEi  f  n.  (R,Ei  ;t)dJR 
-S  -S  o 


(5.19) 


the  density  of  pairs  in  block  E,  as  expected  for  this  closed  system. 
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5.2.  Association  and  Dissociation  Rates 

From  (5.11),  the  net  rate  of  depletion  of  C-pairs  (into  all  bound  levels 
in  E  and  S)  Is  therefore 

ooi  3n .  \  00  ®  ®  o 

RCU)  a  -  /  n1  dE1  *  /  dEi  /  Sif(t)dEf  =  /  dE.  /  Sif(t)dEf  (5.20) 

o  '  I  o  -D  o  -D 

which  is  the  net  downward  current  across  the  dissociation  neck  at  zero  energy 
and  which,  with  the  aid  of  (5.9),  equals  the  net  rate  of  production 

o  j  3n. \  o  « 

_/  1  Tr]  dEi  •  'J  j  stfdEf  <5-21> 

of  E  and  5-pairs,  as  expected  for  this  closed  system.  The  net  rate  (5.13)  of 
production  of  5-pairs  alone  is 

-S  /  an .  \  -S  »  -S 

Rs(t)  =  /  It  r£l  ■  -  /  dE1  /  Stf(t)dEf  -  /  dE1  /  S1f(t)dEf  (5.22) 

-D  V  /  -D  -D  -S  -D 

so  that,  with  the  aid  of  (5.18), 


°  /3rM 

Rc(t)  =  Rs(t)  (h1)  ^ 

(5.23a) 

*  R$(t)  -  /  dEi  /  S.f(t)dEf 
-S  -D 

(5.23b) 

Thus  R$  and  Rc  are  equal  when  an^/at  %  0  in  block  E  i.e.,  constant  (in 
energy)  current  flows  through  E  which  is  in  quasi-steady-state  (QSS).  For  any 
fixed  energies  E1  and  Eg,  then  (5.9)  yields 


2  2 

/  dE^  /  S.j f (t)dEf  -  0 


(5.24) 


which  represents  the  null  effect  of  collisions  in  the  closed  interval  E^  <_  Ei 
<  E2.  The  net  downward  current  (5.20)  across  the  dissociation  neck  can  then 
be  rearranged  in  terms  of  the  net  downward  colli  si onal  current  across 
arbitrary  level  -E  as 


Rc(t)  3  J  dEi  /ESif(t)dEf  +  /°(3ni/3t)dE. 
-E  -D  -E 


and  the  net  downward  current  (5.22)  across  level  -S  can  be  similarly 


(5.25 


rearranged  as 


CO  _E 


R«(t)  =  /  dE.  /  Sif(t)dEf  -  /  (3n^ /3t)dE. 
-E  -D  -S 


(5.26 


Note  that  (5.26)  reduces  to  (5.22)  directly  when  -E  =  -D,  and  that  (5.25) 
reduces  to  (5.23a)  and  to  (5.20)  when  -E  =  -S  and  when  -E  -►  ®  respectively. 

The  expressions  (5.25)  and  (5.26)  provide  alternative  procedures  which  are 
valuable  for  accurate  calculation  of  Rc(t)  and  R$(t)  particularly  when  block  E 
is  in  QSS.  In  the  absence  of  QSS,  R_  and  R.  are  determined  by  the  exact  set 

v 

(5.20)  and  (5.22)  respectively. 

A 

On  introduction  of  the  (time- independent)  probability  that  pairs  AB 
with  internal  energy  E^  are  considered  as  associated  then  the  overall  rate  for 
association  is. 


a  00  a  3ni  \  o  .  3n. 

RA(t)  =_/  PiA(Ei)  [^)dE1  =  Rs(t)  +_/  Pi'j^JdE. 


(5.27 


since  P.*  is  unity  in  block  5  and  is  zero  in  block  C.  The  overall  rate  for 


dissociation  is  similarly. 


I 


R°(t)  ■  /  PjD{E| ) 
-D 


3n^ 

IF 


dEi  = 


°  n  3ni  \ 

*  l  pi 


(5.28) 


where  the  probability  P.^  that  -pairs  are  considered  dissociated  is  unity  in 
the  continuum  block  C,  and  zero  in  the  fully  associated  blocks.  Pairs  in 

block  E  are  in  the  process  of  associating  and  dissociating  with  probabilities 
p.A»D  <  Expressions  (5.27)  and  (5.28)  are  exact  for  RA’^(t)  under  all  conditions 

(cf  §7.1,  §7.2). 

Since 

PiA(Ei)  +  PiD(Ei)  *  1  (5.29) 


addition  of  (5.27)  and  (5.28)  yields,  with  the  aid  of  (5.23a), 


RA(t)  +  R°(t)  =  0  (5.30) 

as  expected  for  this  closed  system. 

Provided  block  E  is  in  QSS  (i.e.,  3n./3t  ^  0),  the  association  rate  RA(t) 
is  therefore  identical  to  R5(t),  the  net  rate  collisional  rate  (5.22)  or 
(5.26)  for  formation  of  S-pairs  and  the  dissociation  rate  R^(t)  is  identical 
to  -R  (t),  the  net  collisional  rate  for  formation  of  C-pairs.  As  shown  by 
(5.23a),  R$  and  Rc  are  then  equal.  Otherwise  (5.27)  and  (5.28)  must  be  used 
for  RA’D(t). 

In  §  7,  extrema  RA’^(t)  to  the  rates  RA,^(t)  at  time  t  implies  the  QSS 
condition.  Hence  these  extrema  in  addition  to  (5.30)  satisfy 


R*A(t)  *  R  (t)  *  3n  (t)/3t 


(5.31a) 


(5 


“  a  NA(t)Ng(t)  -  k  ns(t) 

-  =  NA(t)NB(t)  [1  -  r ( t) ]  (5 


and 


R*°(t)  =  -Rc(t)  =  3nc(t)/at  (5 

*  k  n$(t)  [1  -  r_1(t)]  (5 

3  -1 

where  a  is  the  effective  two-body  rate  (cm  s  )  for  association  of 

-3 

dissociated  species  A  and  B  with  densities  NA  g(t)  cm  and  where  k  is  the 
frequency  (s’1)  for  dissociation  of  S-pairs  AB  with  density  n$(t).  The 
quantity 


r(t) 


[NANB/NA(t)NB(t)][ns(t)/ns] 


0 


is  a  measure  of  the  departure  of  the  densities  from  their  corresponding 
.  .  %  % 

time- independent  values  NA  B  and  n$  achieved  under  full  thermodynamic 
equilibrium  (r  *  1)  with  the  gas  bath  M. 

The  QSS  rate  a  is  therefore  determined  by  the  equivalent  expressions 


oNA(t)NB(t)[l  -  r(t)]  =  /  dEi  fsif(t)dEf 

-S  -D 


(5, 


-R*(t) =  /  dEi  /°S1f(t)dEf 

o  -D 


(5 


*  /  dEi  /ESif(t)dEf 


(5 


which  are  respectively  the  rate  Rg  for  formation  of  S-pairs,  the  rate  Rc  for 
depletion  of  C-pairs  and  the  rate  for  formation  of  all  pairs  with  energy  $ 
-E.  The  QSS-frequency  k  for  dissociation  is  provided  by  the  detailed  balance 
relation 


n.  'Vi  'V 

k  n$  =  a  NaNb 


(5.35) 


Evaluation  of  the  exact  expressions  (5.20)  for  Rc(t)  and  (5.22)  for  R$(t) 

require  solution  in  general  of  the  time-dependent  coupjed  set  (3.7)  for  the 

microscopic  densities  n^  (^.E^.L.  ;t)  or  of  the  set  (4.6)  for  n^(^,E^;t)  when 
2 

equilibrium  in  can  be  assumed.  It  is  only  when  block  E  is  in  QSS  that 
(5.27)  and  (5.28)  for  the  association  and  dissociation  rates  R^,D(t)  are  equal 
to  R$  and-Rc  respectively  such  that  the  coefficients  a  and  k  are  determined 
directly  from  (5.34)  and  (5.35). 

When  block  E  is  not  in  QSS,  then  the  exact  rates  (5.27)and(5.28)  with  (5.8) 


yields. 


R  ,U(t)  «  /  P-,UdE.  /  Sf • (t)dEf 
-D  -0 


(5.36) 


which  is  exact  and  which  reduces  to  (5.31a)  and  (5.32a)  only  when  the  QSS-condition 


/  S.f(t)dEf  =  0 


(5.37) 


is  satisfied  in  block  E  (0  >  E^  >  -S).  When  approximate  or  variational  distri- 

L  i  •  /  m  \  i  .1  .  I  .  .  .  .  /  -  .  .  i 


With  the  aid  of  (5.4)-(5.7),  the  distribution 


n(R,t)  =  /  n.s(R,E1 ;t)dEi  h  nc(R,t)  +  ng(R,t)  (5.38) 

“$ 

in  combined  blocks  C  and  E,  and  the  associated  .,et  current 

00 

■HS.t)  -J  i  Jc(g.t)  *  Je(|,t)  (5.39) 

then  satisfy,  for  R  >  R$. 

n  «()&»*>  +  I't  "  0  .  R  >  Rs  (5.40a) 

which  agrees  with  (3.18a)  since  n$(R  >_  Rs,t)  vanishes.  For  R  <  Rs, 

»  -S 

W  "<«.»>  *  ?-J  *  -J  S1f(R,t)dEf  ,  R  <  Rs 

=  -  V(R)  n(Jg,t)  (5.40b) 

wherein  v(R)  is  introduced  as  an  effective  frequency  for  colli  si onal  absorption 
into  block  S  of  C  and  E  pairs  with  fixed  R  <_  R$.  Integration  of  (5.40a)  yields, 

■fc!  -  4"RS2  J  (Rs.t)  (5.41a) 

Rs 

with  no  flux  at  infinity  .  With  the  aid  of  (5.8)  and  (5.13),  integration  of  (5.40b) 
yields 

R  R 


i  dEa s' 


t  )dE^ 


3n$(t)/3t 


(5.41d) 


which  agrees  with  (5.15)  previously  obtained  from  (E^ ,R)-integration.  The  continuity 
equations  (5.41a)  and  (5.41d)  also  follow  from  (5.6)  since  Js(Rs,t)  and 
ns (R >RS *t )  both  vanish.  Addition  of  (5.41a)  and  ( 5 . 41 d)  yields 


(5.42) 


the  conservation  equation  (5.18)  appropriate  for  this  closed  system. 

3-1 

Define  the  averaged  local  rate  (cm  s  )  for  absorption  within  by 


s  00  -S 

«3n(Rs,t)  *  /  v(R)  n(£,t)dR  -  /  dEi  /  Sif(t)dEf 
o  -S  -D 


(5.43) 


so  that  the  net  rate  (5.31)  with  (5.13)for  production  of  pairs  in  block  S  is 


therefore 

ns(t)  =  a 3  n(Rs,t)  -  a  NA(t)  Ng(t)  [1  -r(t)]  (5.44) 

under  quasi-steady-state  (QSS)  conditions  in  block  E. 

Evaluation  of  a  still  involves  solution  of  the  phase  densities, 

c  2  s  2 

(f£,E^,Lj  ;t),  in  general,  or  n.  (R,E.;t)  for  L  -equilibrium,  from  the 

appropriate  set  (3.7)  or  (4.6)  of  coupled  equations. 

5.3  Approximation  and  the  Debye-Smoluchowski  Equation 

Assume  in  addition  to  QSS  in  block  E  where  9n./9t  'O'Qthat  those  pairs  with 

R  <  R$  in  the  combined  blocks  C  and  E  are  also  in  steady-state,  i.e.. 


W  I  *  0 


(5.45) 


so  that  (5.41c)  with  definition  (5.43)  reduces  to 

4ttR$2  J(Rs,t)  -  -  a3  n(R$,t)  =  -  3n$(t)/3t  (5.46) 

For  R  _>  R$  the  macroscopic  current  J  can  be  approximated'  by  (2.76)  i.e.,  by 

J(R>Rs,t)  =^d(R>Rs,t)  =  -DVn  -  [(K/e)VV]n  (5.47) 

since  Oe(R>R_,t)  and  nc(R>R,.,t)  both  vanish.  Provided  the  local  rate  for 
absorption  is  regarded  as  a  pre-assigned  external  parameter,  then  (5.46)  is, 
in  effect,  a  radiation  boundary  condition  to  the  solution  n(Jl,t)  of  the 
macroscopic  continuity  equation  (5.40a)  with  J  given  by  (5.47)  .  Since 

t 

n$(t)  -  n$(0)  *  o3  /  n(R?,t)dt  (5.48) 

o 

r(t)  is  therefore  known  from  (5.33)  so  that  the  required  rate  of  production  of 
5-pairs  is  determined  only  by  n(Rs,t)  via 

aNft(t)  NB(t)  =  a3  n(Rs>t)  [1  -  r(t)]'1  (5.49) 

Hence  under  QSS  in  block  E,  the  steady-state  assumption  (5.45)  and  a  known  local  reaction 
rate  a^,  the  problem  is  reduced  to  one  of  transport  alone.  The  combination 
(5.40a)  with  (5.47)  for  the  current  and  the  boundary  condition  (5.46)  is 
referred  to  as  the  Debye-Smoluchowski  Equation  (DSE)  familiar  in  the  theory  of 
reactions  in  condensed  matter  and  of  coagulation  of  colloids  in  solution.  Apart  from  a 
previous  account]  DSE  has  not  to  the  author's  knowledge  ever  been  derived  from 
a  microscopic  basic.  If,  however,  a.,  is  not  known  (as  is  usual)  then  the 


present  full  microscopic  treatment  based  on  the  coupled  transport-collision 

equations  of  §  3  and  §  4  for  n^^  is  required. 

24-26  27 

Refs.  (24-27)  provide  preliminary  reports  “  and  a  full  detailed  account 


of  the  search  for  analytical  solutions  to  DSE  for  general  interaction  V(R)  between 
A  and  B. 


6.  Time  Evolution  Towards  Equilibrium 

Relaxation  of  a  plasma, or  of  any  subsystem  (A,B,AB)  in  a  bath  of  systems 
M,from  any  initial  non-equilibrium  distribution  is,  in  principle,  a  time 
dependent  process  which  proceeds  towards  equilibrium  under  various  distinct 
time  scales.  A  very  fast  initial  transient  characterizes  Phase  I,  during 
which  a  new  distribution  in  (R , E , L  )  is  rapidly  established.  This  is  followed 
by  a  much  slower  Phase  II,  during  which  recombination,  association  or 
dissociation  and  chemical  reactions  based  on  the  newly  developed  distribution 
of  Phase  I  proceeds  towards  eventual  equilibrium  via  a  dynamic  balance  of 

collisional  association  and  dissociation  established  in  Phase  III. 

2 

During  Phase  I,  the  (R,E,L  )-distribution  collisionally  relaxes  within 
(collisional)  time  to  a  quasi  steady  state  of  excited  levels  which  persist 
throughout  Phase  II  and  is  the  distribution  characteristic  of  the  eventual 
equilibrium  established  as  t/T^  -*-00.  Phase  II  is  characterized  by  (reaction) 
times  t2  %  tr,  ta,  or  xQ  for  recombination,  association  from 
non-equilibrium  free  states  or  dissociation  from  non-equilibrium  bound  levels 
(whichever  pertains  to  the  initial  conditions).  Since  tJs  generally  of  the 
order  of  the  inverse  of  the  collisional  frequency  v.^,  and  since 
association/dissociation  proceeds  on  a  much  slower  time  scale,  <<  x^such 
that  the  quasi  steady-state  distribution  attained  in  Phase  I  persists 
throughout  Phase  II. 

The  beginning  of  the  third  Phase  (III)  association  or  dissociation 
depending  on  the  overall  direction  as  determined  by  initial  densities,  has 
produced  a  significant  population  of  bound  pairs  AB  or  free  pairs  A  +  B  such 
that  the  reverse  process  (dissociation  or  association)  becomes  important  with 
the  result  that  the  subsystem  relaxes  toward  eventual  equilibrium. 

Recognition  of  Phases  I  and  II  facilitated  many  pioneering  and  tractable 


■  i 
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cip  n  10 

studies  of  recombination  processes  *  ’in  general,  based  on  the  solution 
of  integral  equations,  and  the  study 14  via  a  diffusion  (weak  collision)  approxi¬ 
mation  to  association/dissociation  processes  at  low  gas  densities. 

The  work  of  Bates  et  al  .6~8  and  of  Flannery9"11  was  concerned  with  the 
case  of  the  concentrations  B  of  dissociated  (charged)  species  >>  NAB,  the 
concentration  of  bound  systems,  such  that  only  Phase  II  and  association  were 
relevant.  Also  previous  work  on  ion-ion  recombination^  11  dealt  with  low  gas 
densities  N.  We  are  here  concerned  with  theoretical  development  of  both 
association  and  dissociation  in  Phases  II  and  III  at  all  gas  densities  N,  for 
which  the  time  dependent  transport-collisional  equations  formulated  in  the 
previous  sections  (  §  2-4)  are  directly  relevant. 

6.1  Net  Transition  Probabilities  for  Association  and  Dissociation 

As  an  aid  to  clarity  of  presentation,  consider  first  the  following 

o 

analysis  of  eq.  (3.21a)  in  which  explicit  dependence  on  the  (R,L  )  variables 
has  been  systematically  integrated  out  from  the  original  basic  eq.  (3.7a). 

Eq.  (3.21a)  contains  however  implicit  variation  with  (R,l  )  as  characterized 
by  (3.13)  and  (2.70)  for  n,- ,  and  by  (3.22)  for  y..  The  (R,E,L.2) 
and  (R,E)  sets  (3.7)  and  (3.12)  respectively  may  then  be  similarly  analyzed 
without  any  undue  formal  difficulty. 

The  governing  equation  for  the  conditional  probability  density  n^  of  AB 
systems  per  unit  dE^  is 

00 

ni(Ei,t)  =  J  [nf  (t)  vfi  -  n.(t)vif]dEf  h  -  3^  (Ei  ,t)/3Ei  (6.1a) 

where  is  the  frequency  of  i  -*■  f  collisional  transitions  (E^  -*■  Ef)  and  -D 
is  the  energy  of  the  lowest  bound  vibrational  level  of  the  AB  pair. 


Alternatively, 


arWat  =  /  [Yf(t) 
-D 


Yi(t)]Cif  dEf  =  -3Ji/3Ei 


(6.1b) 


in  terms  of  C^,  the  equilibrium  collisional  rate  (3.22),  and  of  ,  the 
normalized  distribution  (3.23).  Since  the  energy  levels  of  AB  be  sufficiently 
close  (relative  to  the  thermal  energy  k0  of  the  gas  bath  M),  they  form  a 
quasi -continuum  and  J-(E^,t)  can  then  be  interpreted  as  the  net  upward  current  (in 
energy  space)  across  level  E^ . 

Introduce, 


Afi  =  vfi  -  5(Ei-Ef)  J  v.f  dEf  ,  (6.2) 

the  net  probability/sec  for  f  -*■  i  irreversible  collisional  transitions.  Then 
(6.1a)  can  be  compactly  written  as, 

00  00 

3ni/3t  =  /  nf  Afi  dEf  =  -  ^  Sif  dEf  (6.3) 

where  Sif  is  defined  by  eqs.  (5.2)  and  (5.9). 

Since  the  AB-subsystem  is  closed,  curve  crossing  and  quantum  tunnelling 
AB  t  A+B  being  precluded  at  present. 


00  oo 

/  (3n./3t)dE.  =  (3/3t)  /  n,  dE.  =  U  (6.4) 

-D  -D  1  1 

2 

When  relaxation  in  and  R  is  much  faster  that  E^ -  relaxation,  assume 
by  the  end  of  Phase  I  that  collisions  have  been  sufficiently  rapid  to 
establish  a  Maxwel 1 -Boltzmann  distribution  f(Ei)  in  the  energy  E^  0  of  the 
dissociated  (A,B)  species.  The  continuum  distribution  is  then 


Yc(t)  =  CNA(t)NB(t)  f (Ei )3/LNaNb  f(E.)]  1,  E.  >  0  (6.5) 

where  B(t)  are  the  time-dependent  concentrations  of  the  dissociated  species 
(A  and  B)  or  free  ions  (X+  and  Y"),  which  approach  their  constant  equilibrium 
values  Na  b  as  t-*-®in  this  closed  system.  The  normalized  distribution  (6.5) 
is  time-dependent  but  energy-independent.  As  association  develops  during  phase  II 
the  pair  concentration  of  the  lowest  bound  levels,  within  the  range  -S  >_ 

-D  defining  energy-block  S,  grows.  Within  S,  energy-equilibrium  is  maintained 
via  collisions  so  that  the  S-block  distribution,  assumed  to  be 

ys(t)  =  n^.tJ/n^E,)  •  }  «,  OE^  jn,  dE, 

5  ns(t)/ns  »  1,  -S>E,>-D  ,  (6.6) 

is  only  time-dependent.  In  this  closed  system,  let  the  E-block  be  coupled  to 
the  time- variations  of  C  and 5  according  tc  the  ansatz. 


Yt(E,,t)  .  P,°(E,)  Yc(t)  ♦  P,A(Ei )  ys(t)  is  1  (6.7) 

n  a 

where  the  coupling  coefficients  P.  and  P.  which  depend  only  on  the  energy 
will  be  later  identified  as  being  the  net  probabilities  that  bound  AB  pairs  of 
energy  E^  will  be  collisional  dissociated  into  C  or  will  be  fully  associated 
by  collision  into  S.  From  the  asymptotic  conditions  (6.5)  -  (6.7),  the  net 
probabilities  satisfy  the  conservation  of  probability 

Pi°  +  PiA  =  l  (6.8) 
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as  expected,  since  the  complete  subsystem  is  closed  to  mechanisms  other  than 
colli  si onal  association/dissociation. 

Distributions  (6.5)  and  (6.6)  can  be  also  incorporated  within  (6.7)  since  C 
and  S  are  naturally  characterized  by  unit  net  probability  (E..  _>  0)  for 
dissociation,  and  unit  net  probability  (E.  £  -S)  for  association, 
respectively.  Thus,  (6.1b)  yields. 


3^/at  =  -Cyc(t)  -  ys(t)] 

j“(ptA  -  piA>cit 

(6.9a) 

«  Cyc(t)  -  ys(t)] 

HPf°  -  P°)CU  d£f 

(6.9b) 

which  is  separable  in  both  time  t  and  energy  E^ ,  a  natural  result  of  the  assumed 
form  (6.7)  subject  to  the  asymptotic  constraints  (6.5;  and  (6.6). 

The  rate  of  change  in  the  probability  densities  of  pairs  in  each  of  the 
blocks  C,  E  and  S  is  respectively. 


3^/at  =  -[yc(t)  -  ys(t)][  J  PfA  Cfi  dEf ]  ;  Ei  >  0; 
for  block  C  in  a  form  natural  when  association  {yQ  >  ys)  prevails, 

oo  n  00 

an./at  =  [yc(t)  -  Ys(t)][  J  PfD  Cf.  dEf  -  Pi°  /  Cif  dEf]  ;  0  >  Ei 


(6.10a) 


>  -S 
(6.10b) 


for  block  E  and 


3^ /at  =  -[ys(t)  -  yc(t)][  J  Pfu  Cfi  dEf ]  -  S  >  Ei  >.  -D 


(6.10c) 


1-.  *  k 


I 


for  block  S,  in  a  form  natural  for  dissociation  controlled  processes  (y$  >y  ), 

energy  distribution  P^°  once  established  at  the  end  of  Phase  I  is  then 

preserved  at  all  future  times  in  Phases  II  and  III.  Relaxation  then  proceeds 

D  A 

in  time  at  a  rate  determined  by  the  established  P..’  and  y^(t)  towards 
eventual  equilibrium  when  Yc  Y$  1. 

The  upward  current  across  any  arbitrary  level  E  is 


Thus,  the 


J(Ei,t)  -  /  (an1/at)dE1 


-  /  (3n./at)dE. 
-D 


(6.11) 


since  conservation  (6.4)  applies  to  the  system,  closed  between  -0  and  °°,  so 
that  the  currents  J( -D)  and  J(®)  across  the  end  points  both  vanish. 

Thus,  the  net  current  across  a  level  E  in  block  C  is 


J(E  >  0,t)  *  -Lyc( t )  -  Y$(t)]  £  dEj  /  PfA  Cfi  dEf 


and  the  net  current  across  a  level  E  in  block  S  is 


(6.12a) 


J(-S  >  E  >  -D,t)  =  [ys(t)  -  Yc(t)]  /  dEi  f  PfU  Cfi  dEf 

■  D  *S 


(6.12b) 


which  are  directed  down  or  up  the  energy  ladder  according  as  yc  >  Ys  or  Yc  <  Ys» 
respectively.  Thus,  the  overall  direction  of  the  relaxation  is  determined  by 
the  inequality 


NA(t)NB(t)  >  ns(t) 


(6.13) 


-V* 

-  *  —  —  M 
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which  is  originally  established  by  the  initial  condition. 


The  net  rate  of  growth  of  S-pairs  or  the  downward  current  -J(S,t)  into  the 
S-block  is 


-S 

3ne(t)/3t  */  (Sn./StJdE,  =  -J(-S,t) 
s  _o' 


=  Cyc(t)  -  Ys(t)]asftAftB 


(6.14a) 


which,  with  (6.5)  and  (6.6)  for  y  ,  yields 

C  9  S 


3ns(t)/3t  =  as  NA(t)NB(t)  -  ks  ns(t) 


(6.14b) 


3  -1 

The  (time  independent)  rate  (cm  s  )  of  association  and  the 

frequency  ks  (s-'*')  of  dissociation  in  (6.14b)  are  hence  given  by. 


V  B  = 


'V/ 

n. 


-S 

-  / 

-D 


/  P, 


-S 


vif 


dE. 


(6.15) 


and  therefore  satisfy  (macroscopic)  detailed  balance.  Characterization  of  PfD 
in  (6.7)  as  the  net  probability  of  dissociation  of  level  f  once  accessed  by 
collision  from  level  i  is  therefore  appropriate,  in  keeping  with  (6.15). 

When  conditions  are  such  that  yc  =  NA(t)Ng(t)/frANg  >>  n([S],t)/n([S])  =  y$ 

%  U,  association  is  dominant,  and  yc  decreases  in  time  from  a  quantity  >>  1  to 
unity  at  equil ibrium, while  y$  increases  essentially  from  zero  to  unity.  In 
the  reverse  limit,  y$  »  Yc  %  0,  for  the  case  of  a  shock  wave  moving  through  a 
molecular  gas,  then  dissociation  prevails  until  equilibrium  when  y  %  1  and 


the  currents  (6.14)  vanish.  The  evolution  toward  equilibrium  is  described  by 
(6.14b). 
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The  net  rate  of  growth  of  the  C-pairs  in  (6.10a)  or  the  upward  current 
J(0,t),  (6.12a),  entering  block  C  is 


^nc(t)/3t  =  /  (3ni/3t)dEi  e  J(0,t) 


=  Cys(t)  -  yc(t)]  kc  n$ 


(6  -16a) 


which,  with  (6.5)  and  (6.6)  for  Y  .,  yields 


3nc(t)/3t  =  -a.  NA(t)NB(t)  +  kc  ns(t) 


(6.16b) 


3  -1 

where  (time-independent)  rate  ac  (cm  s  )  of  association  from  the  continuum 


and  the  frequency  kc  (s-1)  of  dissociation  are  given  by 


“c  Vb  ■  kc  "s  '  /  "i  aE1  L  ^  '-if  dEf 
0  •  u 


(6.17) 


A 


which  satisfies  detailed  balance.  Thus,  in  (6.7)  is  uniquely  identified 
in  (6.17)  as  being  the  net  probability  of  association  of  pairs  in  bound  level 
f  once  colli  si onally  accessed  from  the  continuum  C. 

The  above  expressions  (6.15)  and  (6.17)  for  the  rate  of  change  of  free 
(fully  dissociated)  C-pairs,  and  of  fully  associated  S-pairs,  respectively. 


are  exact,  irrespective  of  any  approximation  used  to  determine  the 

k.D  < 


probabilities  Py’  in  the  E-block  (0  _>  >.-S). 

In  the  quasi-steady-state  (QSS)  approximation,  pioneered  and  used 

6-H  16-?0 

extensively  by  Bates  and  associates  in  many  studies  *  of  various  types 
of  recombination. 
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•  ^  ^  «  k  «  .  v^«  .  »  lS  JS  A  ^  ^  n  m  «>  9  *  *-»*-*  *  *  »  >»>iiVV> 


(6.18) 


at 


=  o 


;  block  E  (0  5  E-  *  -S) 


since  the  frequencies  of  colli  si onal  production  and  destruction  of  a  system  i 
of  energy  in  block  E  are  very  large  relative  to  the  low  frequency  of 
explicit  time  decay  of  these  excited  levels  i.  The  time-independent  probabilities 
in  (6.9)  are  therefore  solutions  to  the  integral  equation 

p?.(cifdEf  ■  /’p?  c,-fdEf  <6-19> 

subject  to  the  constraints  P?(E..  >,  0)  3  1  and  P?(E^  $  -S)  =  0.  Since  the 
system  is  closed,  (6.4)  applies  i.e., 

an  (t)/at  +  an  (t)/at  =  -an  (t)/at  =  J(0,t)  -  J(-S,t)  (6.20) 

j  C 

In  the  QSS-approximation,  (6.15)  and  (6.17)  are  therefore  equivalent,  the 
upward  current  J(-S,t)  leaving  block  S  being  equal  to  the  upward  current  J(0,t) 
entering  the  block  C. 

On  invoking  the  null  effect  of  collisions  (cf.  eq.  (5.24)) 

0  ■  /  dEi i  /  "f  »f1  aEf  'I  "l  aE1  /  '-If  aEf  =  /  «E,  /  Cyf(t)  -  Ti(t)]Cjf  dEf 

b  *  b  -E  -E  ■  E  “  E 

(6.21) 


for  an  arbitrary  bound  level  of  energy  -E  within  block  E,  the  net  upward 
current  (6.11)  across  -E  is 


J(-E,t)  =  -<*e  NA(t)NB(t)  +  ke  ns(t) 


(6.22) 


7  A 


where  both 


-E 


“e  ■  <Wb>  (P,0  -  PfD)C1f  dEf 


(6.23) 


and  ke  satisfy  the  detailed  balance  relation 


O* 


NANB  “e  =  ns  ke 


(6.24) 


From  (6.11) , 

o 

J(0,t)  =  J(-E,t)  +  /  (3ni/3t)dEi  (6.25) 

-E 

J(-S,t)  =  J(-E,t)  -  /  (3n./3t)dEi  (6.26) 

-S 

which  correspond  to  (5.25)  and  (5.26)  the  set  [aQ,  kg)  is  identical  to  the  exact 
set  ks)  appropriate  to  the  current  J(-S,t)  of  (6.14)  out  of  S  and  to 

(V  kc}  ^or  t*ie  current  J(O.t)  of  (6.16)  into  C,  only  under  quasi -steady-state 
conditions  (3n.j/3t)=  0  in  block  E. 

When  initial  conditions  are  such  that 

Yc(t)  =  NA(t)NB(t)/ftA?(B  »  1  »  ns(t)/ns  =  Y$(t)  *  0,  (6.27) 

then,  the  dissociation  rate  k  ns(t)  in  (6.14b)  and  (6.16b),  can  only  be  neglected 
for  times  t  (in  Phase  II)  much  shorter  than  the  time  required  for  the  establish¬ 
ment  of  equilibrium  when  y  =  y  =  1. 


When  Phase  II  is  dominated  by  association  (y  >>  y$)  the  solution  of 
(6.16b)  is  then, 

<6'28) 

the  familiar  macroscopic  law  of  recombination^  where  time  t  is  measured  from 
the  beginning  of  Phase  II  when  it  is  assumed  that  the  densities  NA(0)  and 
Ng(0)  of  dissociated  species  are  equal.  Also  the  densities  ns(t)  of  S-pairs 
are  given  by  the  solution  of  (6.14b)  which  yields, 

ns(t)  +  NAjB(t)  =  ns(0)  +  NAjB(0)  (6.29) 

when  a  =  a  =  a  i.e.,  the  total  number  of  pairs  in  blocks  C  and  S  are  conserved 
under  QSS-conditions  in  block  E. 

As  t  increases,  Yc(t)  decreases  rapidly  from  a  very  large  quantity,  as 

Yc(t)  =  lNAjB(0)/NfliB]  [1  *  «NA  B(0)t]-1  (6.30) 


while  ys  increases  slowly,  essentially  from  zero  as. 


The  excited  state  distribution  under  (6.27)  is 

Yi(t)  %  Yc(t)  +  ys(t)  %  Yc(t)  (6.32) 

and  is  such  that  ^  P^  yc  only  for  those  highly  excited  levels  i  at  time  t 
when  ys(t)  «  P^  yc,  as  in  Phase  II. 

All  of  the  previous  studies  of  recombination  were  concerned  only  with 
Phase  II  and  dissociation  was  neglected.  When  dealing,  however,  with 
evolution  towards  eventual  equilibrium  (in  Phase  III)  or  with  the  enhancement 
of  mutual  neutrali zation  (or  curve  crossings)  by  three  body  collisions  the 
full  distribution  (6.7),  rather  than  (6.32)  is  appropriate. 

The  solutions  (6.30)  and  (6.31)  which  correspond  to  condition  (6.27)  are 
valid  until  a  substantial  fraction  of  associated  pairs  relative  to  their 
equilibrium  concentration  have  been  created,  and  dissociation  becomes  important. 
When  initial  conditions  and  times  are  such  that 

Ys(t)  »  l»Yc(t)  *  0  (6.33) 

then  the  net  process  is  dominated  by  dissociation.  The  solution  of  (6.14b) 
yields  for  Phase  II, 


n$(t)  =  ns(0)  exp(-k$t)  (6.34) 

the  familiar  macroscopic  law  of  dissociation,  and  the  solution  of  (6.16b) 
yields  the  conservation  requirement  (6.27)  when  k$  and  kc  are  equal.  As 
Phase  III  progresses,  yc  increases,  association  becomes  important  and  equilibrium 
is  achieved. 
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6.2  Multivariable  Separation 


The  above  strategy  (6.7)  for  separation  of  the  variables  E.  and  t  can  be 
easily  generalized  to  cover  multivariable  separation.  Define,  for  example 


yT(R,E.;t)  =  Pt(R,E- )yc( t)  +  [1  -  PTfR.E^]  y<.U)  (6.35) 

where  P^  is  the  net  probability  for  eventual  dissociation  of  an  expanding  (+) 
or  contracting  (-)  pair  with  internal  energy  Ei  and  internal  separation  R.  The 
set  (4.6)  therefore  separates  as 

H  "iS  +  <VV  i  W  t  \  »2  P,-V)  J, C>1  -  <vrs) 

K  -V 

(6.36a) 

and 


3  «  ^  j.  /..  .  ^  r  1  3  r  I  D?  n  S  / 


at  niU  +  (V''s)  {  j^afc  1  P1:>(R)  -  <PiS  +  pid>7H(!R2  V> 


CO 

=  (yc-ys)  /  dEf  [Pfd(R)  -  Pid(R)]  C.f 


(6.36b) 


to  be  solved  for  the  functions 


PiS(R)  =  \  (Pi+(R,E.)  +  P.‘(R,E.)]  (6.37a) 

and 

Pid(R)  =  \  [Pi+(R,Ei )  -  p.‘(R,Ei)]  (6.37b) 

In  blocks  C  and  S,  respectively,  P.*  is  unity  and  zero,  P.s  is  unity  and 

d  ** 

zero  and  P.  is  zero.  If  the  quasi-steady  condition  (6.18a)  is  assumed  in  block 

E,  (6.36a,b)  can  be  solved  independently  of  the  functions  y  (t).  The  set 

v  )  J 

2 

(3.7)  in  R,  E.j ,  and  t  may  be  similarly  separated. 


7.1  Association/Dissociation  Rates  for  non-QSS  (Quasi-Steady-State)  and  for  QSS. 

A  D 

Upon  identification  of  P..*  in  (6.7)  as  the  net  probabilities  for 
association/dissociation  of  one  AB-pair  of  energy  E^,  the  overall  net  probabilities/ 
sec  for  association/dissociation  are  therefore 


RA,D(t)  ,  J-  J  pA»D(E.)  ni(t)dEi  =  J  Ji(Ei,t)(3P^D/3E.)  dEi  (7.1a) 

with  the  aid  of  (6.1b)  and  of  integration  by  parts,  since  the  current 
vanishes  at  the  end  points  to  Ei  *  (-D,  ») .  Equivalent  rates,  obtained  from 
(6.9)  for  3n.j/3t,  are 


RA(t)  *  ir/piBi(t)dEi  *  /p(d£i  /sft(t)dEf 

“A  "  A  A  ^ 

-  [*.<»>  -  Y,(t):  J  PftE^dE,  f  (P*-P*»CtfdEf 

for  association  where  Sif(t)  is  given  by  (5.9)  in  terms  of  (5.2)  and 
R°(t)  *  af  l  plni(t)dEi  "  j  PidEi  j  Sfi(t)dEf 

(7.1c) 

*  -CYc(t)  -  Ys(t)3  J  P°(E1)dE1  _/  (p?-Pf)C1fdEf 

for  dissociation.  In  accord  with  probability  conservation  (6.8)  then  for  the 
closed  system  (6.4) , 


RA(t)  +  R°(t)  *  0 


(7.2) 


at  all  times,  as  expected.  Subject  to  the  constraints 


Pi  1  ;  pi  =  0  5  C-block  (E.  i  0)  ; 


(7.3a) 


P.°  *  0  ;  PiA  =  1  ;  S-block  (-S  _>  >_  -D)  ;  (7.3b) 


implicit  in  (6.5)  and  (6.6),  assume  that  the  probabilities  PA’^  are  so 

A  D 

distributed  in  energy  space  that  the  net  rates  R  *  (t)  are  extrema  at  all 
times. 


22 

From  the  calculus  of  variations  a  necessary  condition  for  the  integral 


I  s  !  f(y.y;x)dx  ,  y  =  dy/dx 


(7.4) 


j _ 22 


to  be  an  extremum  is  the  Euler-Lagrange  equation 


_d_ 

dx 


3f\  3f 


ay  J 


ay 


*  0 


(7.5) 


the  solution  of  which  determines  y(x). 

Since  PA’^  remain  constant  in  blocks  C  and  S,  then  with  x  *  Ei ,  y  = 

PA’°,  and  f(y;x)  =  J(E.. )  in*(7.5),  RA’^  of  (7.1a)  is  an  extremum  provided 

s  3ni 

~  J.  (E.,t)  =  0="^  ;  E-block  (0*E.*-S)  (7.6) 

in  block  E  i.e.,  the  quasi-steady-state  condition  (6.18)  of  constant-in-energy 
current  Ji  =  Jg(t)  in  block  E.  The  equation  (6.9)  with  (7.3)  and  (7.6) 
therefore  reduces  to 

00  00 

P<  f  C,.  dE,  .  /  p/  C„  dE, 


;  block  E 


(7.7a) 


for  P.|  and  to 


L-. 


p?  ./  c1fdEf  *  ./  p?CifdEf  •  M«* 


(7.7b) 


for  P^.  Since  (3P^/3E^)  vanishes  In  blocks  C  and  S  and  since  the  current  Is 
constant  Je  In  block  E  -  self  consistent  conditions  (6.3)  and  (6.6)  for  an 
extremum  -  the  extrema  of  (6.1a)  are  therefore, 

•  -E 

Rj,D(t)  -  +  Je(t)  -  ±[Yc(t)-Ys(t)  /  dEi  /  (pJ»D-pf’D)C.fdEf  (7.8a) 

the  constant-1 n-energy  current  Je  past  any  level  Ej  In  block  E;  -Je  directed 
down  the  energy  ladder  for  association  and  +0e  upward  for  dissociation.  The 
extremum  to  (7.1b)  for  association  Is  therefore, 

»i(t)  j  n,dE,  =  CTc<t)  -  T,(t)]  j  dE,  j  P?C1fdEf 

=  oNA(t)NB(t)  -  k  ns(t)  (7.8b) 


P; 


where 


-S 


»Vb  = ./  dEi  j  pfcifdEf  ■  kfrs 
The  extremum  to  (7.1c)  for  dissociation  Is 


«2(0  ■  jf  1  "(IE,  *  -CTc(t)  -  Ys(t)]  /  dE,  /  P*CtfdEf 

o  o  -D 


=  -aNA(t)NB(t)  +  kn$(t) 


where 


(7.8c) 

(7.8d) 


/  dEi  l  P?C1fdEf  *  k"£ 


-D 


(7.8e) 


D  A 

and  where  P. *  In  block  E  are  solutions  of  (7.7).  The  nature  of  the  extrema 

A  A 

Is  determined  by  performing  Independent  variations  5P?  to  P?  for  each  bound 
level  In  block  E  under  the  constraint  (6.3)  of  constant  P^»®  in  blocks  C  and  S. 
The  resulting  change  to  (7.1)  is 
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(7.9) 


SR  8  -  SR  -  2[Yc(t)  -  Ys(t)][  /  dE^  SPiA  /  (P.A  -  PfA)  Cif  dEf 

"  S  “  D 

*  1/4  fdEi  /V  -  SPfA)2  Cif  dEf] 

-D  -D 

A  A 

to  second  order  in  SP^  .  Since  6P^  are  independent  of  one  another,  the 
A  a 

change  in  R  to  first  order  in  <5  P  vanishes  for  an  extremum  and  condition  (7.7a)  is 

recovered  from  (7.9),  as  expected.  The  change  in  RA  to  second  order  is  wholly 

determined  by  the  sign  of  (yc  -  y$).  When  yc  >  y$  and  the  overall  direction 

a  n 

according  to  (6.8)  is  association,  then  R*(t)  is  minimum-  and  R*(t)  is 
maximum  .  When  the  overall  direction  is  dissociation,  then  ys  >  Yc  and  R*(t) 

A 

is  maximum  and  R*(t)  is  minimum. 

The  proposed  Variational  Principle  is  such  that  the  rate  corresponding  to 

the  overall  direction  always  adjusts  itself  therefore  to  a  minimum  i.e.,  there  is 

a  tendency  to  counteract  the  change  and  the  evolution  towards  equilibrium  is  impeded. 

Rather  than  solving  the  integral  equations  (7.7),  an  alternative 

AD  AD 

procedure  is  therefore  to  explore  the  variation  of  R  ’  with  P^  *  and  to  seek 
a  minimum  to  that  rate  via  (7.1b)  for  RA  and  (7.1c)  for  R°,  whichever 
corresponds  to  the  net  direction  of  the  process. 

Expressions  (7,1)  pertain  to  association/dissociation  under  all  conditions, 
including  non-QSS  (Quasi-Steady-State),  while  expressions  (7.8)  are  valid  only 
for  QSS-conditions  (7.7). 


7.2  General  Rate  Expression  and  Application  of  Variational  Principle 

Since  3P^/3Ei  tends  to  zero  as  E.)  tends  both  to  zero  and  to  -D  (-  -  •), 
a  possible  trial  function  Is, 

3P°(X;X*)/3X  *  axe“dX  ;  d  *  1/x*  (7.10) 

where  a  is  a  normalization  parameter,  where  X  is  the  Internal  energy 
(-E1/k0)  in  units  of  ke  of  the  gas  M,  and  where  d  is  the  one  variational 
parameter  which  can  be  expressed  as  (1/X*),  in  terms  of  the  location  at 
x  *  X*  of  the  minimum  to  (7.10). 

Under  the  constraints  that  P^(Xa0)  Is  unity  and  that  P^(x  «*)  tends  to 
zero  then  the  normalization  parameter  a  is  (-1/X*),  and  Integration  of  (7.10) 
then  yields. 


PD(x;x*)  «  e”x(l+x)  ,  x  »  x/x* 


(7.11) 


and 


PA( X ; X* )  =  1  -  PD  *  1  -  e"x(l+x) 


(7.12) 


which  are  simple  one-parameter  variational  functions  for  the  dissociation/ 
association  probabilities  PD,A(x).  The  variational  association  rate  (7.14)  in 
terms  of  the  time-independent  rate  a  (cm^s-*)  of  association  in  (7.8b)  and 
of r(t)  of  (5.33)  is 


00  go 

RA(t)  a  aNANB[l-r(t)]  a  CYc(t)-Ys(t)]  /  PAdE.  /  (PA  -  PA)C.fdEf  (7.13) 
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(7.13b) 


-|[T<;(t)-Vt)]jdEij(P*-pJ)2C1faEY 

Consider,  as  an  example,  ion-ion  recombination  (X+  +  X"  +  X  +  ^  +  X) 

between  equal-mass  species.  The  relevant  one-way  equilibrium  collision 

kernels  to  be  used  in  (7.13)  are  given  by  expression  (B39),  (B40),  (B44), 

(B51),  (B52)  and  (B54)  of  Appendix  B. 

When  (7.12)  is  inserted  into  (7.13)  and  when  x*  is  varied,  the  long- 

a 

dashed  curve  in  Fig.  2  is  obtained  for  the  ratio  R(x*,t)/R*(t).  The  exact 

A 

rate  R*(t)  is  determined  by  Inserting  the  solution  of  the  Integral  eqn. 
(7.7a),  the  QSS  condition,  in  (7.13),  so  that  it  is  simply  the  downward  (E- 
constant)  current,  -Je,  given  by 

R*(t)  *  -Je(t)  *  CYc(t)  -  Y$(t)]  /  dEi  /  (P*  -  P^)CifaEf  (7.14) 

which  is  of  course  identical  to  (5-34a-c)  and  to  (7.8a).  Not  only  does  the 
variational  parameter  x*  *  1.25  provide  a  minimum  but  it  yields  its  exact 
result! 

Introduction  of  a  three-parameter  (x*,b,c)  trial  function 

aPD(x;x*,b,c)/3X  =  ax(l  +  bx  +  cx2)e'dx  (7.15) 

where  d  can  be  expressed  in  terms  of  the  location  at  x*  of  the  minimum  to 
(7.15)  by 


A*  =  1/d  =  x*(l  +  bx*  +  cx*)/(l+2bx*  +  3cx*) 


(7.16) 


Upon  integration,  the  association  probability  is  therefore. 


P*(A;X*,b,c)  »  1  -  e”x[l  +  x  +  x2A*(b  +  3c A*  +  cA*x)/(l+2bA*+6cA2)]  (7.17) 


where 


X  =  A/A* 


(7.18) 


and  Its  derivative  is, 

dPA(x;A*,b,c)/3A  =  e'x(x+bA*x2+cA*x3)/(l+2bA*+6cA2)  (7.19) 

Fig.  2  Illustrates  that  a  minimum  at  x*  -  1.25  is  again  obtained  for  the 
combinations  (b  =  0.20,  c  =  0)  and  (b  3  0.20,  c  *  -0.006)  and  that  this 
minimum  is  the  exact  QSS-result.  Comparison  of  the  corresponding 
probabilities  for  all  three  variational  cases  with  the  exact  numerical 
solution  of  (7.7)  Is  shown  In  Fig.  3.  The  agreement  is  excellent  for  such 
simple  variational  functions.  A  more  sensitive  test  is  provided  in  Fig.  4  by 
the  corresponding  comparison  of  the  derivatives.  All  these  curves  including 
the  exact  solution  display  a  maximum  at  the  same  location  x  3  1.25  =  X*  which 
is  perhaps  key  to  the  overall  success  obtained. 

In  conclusion,  the  present  Variational  Principle  appears  to  be  very 
powerful.  Also,  when  approximate  probabilities  are  derived  then  (7.13)  is  the 
basic  expression  to  be  used  for  the  association  rates,  rather  than  (7.14) 
which  Is  approriate  only  for  exact  QSS-solutlons  in  block  E.  Under  e<act  QSS, 
(7.13)  of  course  reduces  to  (7.14).  If,  for  example,  probabilities  based  on 
the  diffusion  equation  are  adopted,  then  (7.13)  provides  highly  accurate 
rates.28 


7.3  Tellegen's  Theorem  and  the  Principle  of  Least  Dissipation 


The  set  of  equations  (6.1b)  for  3n^/3t  for  the  blocks  C,  E  and  S  involves 
the  energy  as  a  continuous  variable  since  the  spacing  between  the  bound 
levels  are  much  smaller  than  the  thermal  energy  k0  of  the  gas.  The  discrete 
representation  of  (6.1b)  can  be  written  as 


I.  =  _ L  =  y  _ 
1  "  3t  4  3t 


9nif . 


(7.2( 


where 


Jin if  ■  Cvt(t)  -  Y,(t)]C1f  i  (Vt  -  V^/R,,  s  I1f 


(7.21 


As  Bates  has  pointed  out,  the  formal  structure  of  (7.20)  is  identical 
to  an  electrical  network  where  the  current  1^  in  the  line  segment  eif  (edges, 
element)  between  nodes  (vertices),  i  and  f,  of  the  network  is  equivalent  to 
the  voltage  drop  Vf i  <*  vf-vi  *vf  -V  times  the  conductivity  of  the 
element  e^  (with  resistance  R^)  i.e.,  (7.21)  is  simply  Ohm's  Law  for  each 
element . 

The  quasi-equilibrium  condition  (3n.j/3t  =  0  in  block  E)  is  equivalent  to 
Kirchhoff's  Current  Law  (KCL), 


liU)  =  l  Iif(t)  =  0 


(7.22 


i.e.,  the  net  instantaneous  current  entering  and  leaving  each  node  i  in  block 
E  is  zero,  which  expresses  the  conservation  of  current. 

Since  y^(t)  varies  continuously  and  monotonical ly  with  between  Yc 
(constant  over  all  energies  in  block  C)  and  y.  (constant  over  all  energies  in 


block  S), 


§  Vfi  -S  CYf(t)  -Yi(t)]  =  0  (7.2: 

eif 

where  the  sum  is  over  each  segment  eif  within  a  closed  loop  (C  t  E  t  S).  Eq. 
7.23)  is  analogous  to  Kirchhoff's  Voltage  Law  (KVL)  i.e.,  the  sum  of  voltage 
changes  V^  around  a  closed  loop  is  zero,  and  expresses  the  uniqueness  of 
potential  or  of  y.. 

Just  as  KCL  and  KVL  deal  with  an  equilibrium  distribution  of  current  and 
voltage,  an  equally  powerful  relationship  for  equilibrium  of  power  in  a 
network  which  satisfies  Kirchhoff's  Laws  was  first  enunciated  in  1952  by 

qn 

Tellegen.  Tellegen's  Theorem  (TT)  for  KCL  and  KVL  network  states  that  the 

30-32 

sum  of  instantaneous  powers  p^  delivered  to  all  elements  eif  is  zero  i.e. 

E  (C,E,S) 

l  Pi(t)  -  l  l  iif(t)  vif(t)  =  -  i  l  cYf(t)  -  Yi(t)3*cif  -  0  (7  z, 

i  1  eif  1  eif 

for  all  elements  eif  with  all  nodes  i  only  in  the  block  E  which  only  obeys 
KCL  (since  an^at  =  0)  and  KVL,  and  with  nodes  f  in  any  of  the  blocks  C,  E  and 
S.  Since  the  equilibrium  rate  C^f  is  symmetric,  the  rate  (7.1  a)  with  (7.2) 
may  be  expressed  as, 

RA,D(t)  =  +  1/2[y  (t)  -  Y,(t)]  /’dE,  /"( P/  -  P  A)2Cif  dEf  (7.25 

-D-D  '  IT  T 

A  D 

where  (+)  and  (-)  are  associated  with  R  and  R  ,  respectively. 

The  contribution  to  (7.1)  which  originates  from  the  block  E  is 


j 


under  the  quasi -equi 1 ibrium  condition  (3n^/8t  =  0  in  block  E) .  Hence 

RA,D(E,t)  =  +  1/2  Cv_(t)  -  T.(t)]  /°dE,  j"(P  A  -  PfA)2C,f  dEf  =  0  (7.27) 

-S  -D 

which  is  the  continuum  analogy  of  Tellegen's  Network  Theorem  (7.24) 

Since  is  the  time  rate  of  change  in  total  energy  (n^E^)  of  all  pairs 
n.j  of  energy  Ei , 


»i(t)  -£  <" ,-Ei> 


(7.28) 


then  Tellegen's  Theorem  implies 


I  p,(t)  I  (•>,£,).  A  [f  0 

i  i 


(7.29) 


such  that  the  total  energy  of  all  pairs  in  block  E  therefore  remains  constant 
in  time  and  total  energy  of  all  pairs  in  block  E  is  then  conserved.  This  is  a 
remarkable  result!  But  the  principle  of  energy  conservation  is  already 
inherent  to  Kirchhoff's  Laws  and  therefore  need  not  be  separately  stipulated 
as  implied  in  (7.29)  via  TT.  The  three  laws  are  equally  powerful  in  that  any 
two  of  KCL,  KVL  and  TT  imply  the  third.  The  greater  significance  of 
Tellegen's  Theorem,  however,  lies  not  in  the  confirmation  of  this  fundamental 
law  to  one  network,  which  in  itself  is  no  surprise,  but  in  its  general 
application  to  two  topologically  equivalent  networks  which  obey  Kirchhoff's 
Laws  via  the  basic  result 


l  l  Iif(t)  vif(t)  =  l  l  iif(t)  Vif(t)  =  0  (7.30) 

i  eif  i  eif 
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where  (1.^,  V^f)  and  ( i  - ^ ,  v^)  are  associated  with  each  of  two  equivalent 

networks  respectively  and  satisfy  Kirchhoff's  Laws  for  each  network. 

31 

The  Voltage  Minimax  Theorem  i.e.,  the  maximum  and  minimum  potentials  in 

nonlinear  resistor  networks  are  at  external  nodes  (i.e.,  within  the  C  and  S 

31 

blocks  external  to  block  E),  is  applicable  here  and  can  be  deduced  from  Tellegen's 
Theorem. 

In  the  full  electrical  network  composed  of  blocks  C,  E  and  S,  KCL  is  of 
course  not  satisfied  in  the  C  and  S  blocks  (since  an^st  is  non-zero  except  in 
the  t -*■  «  limit  of  thermodynamic  equilibrium),  and  neither  is  TT.  With  the  aid 
of  (7.24)  and  (7.25)  the  total  oower  absorbed  by  the  complete  network  (C,  E  and  S), 

l  PiU)  «  £  C  /  Eini(t)dEi]  =  -[Y  (t)  -  Ys(t)]2  /  dEi  /  (P  A-P  A)2Cif  dEf 
C,E,S  3t  -D  S  -D  -D  1  T  1T  f 

-2(Yc(t)  -  Y$(t)]RA(t)  <  0 

{+2[Yc(t)  -  Ys(t)]R°(t)  <  0  (7,31) 

is  always  negative  i.e.,  energy  is  always  dissipated.  The  equality  only  holds 
at  thermodynamic  equilibrium  when  yc  -*■  y$  -*•  1.  When  the  net  direction  is  associa- 
tion,  yc  >  y$  and  R  is  positive  and  minimum.  The  Variational  Principle  (§  7.1) 
of  minimum  RA  then  implies  via  (7.31)  that  the  energy  dissipated  to  the  gas  bath 
is  least.  When  the  net  direction  is  dissociation,  ys  >  yc>  R^  is  positive  and 
minimum  and  the  Variational  Principle  (§  7.1)  also  implies  via  (7.31)  least 
energy  of  dissipation.  An  alternative  form  of  the  present  Variational  Principle 
is  that  the  probabilities  are  so  distributed  among  the  energy  levels  not  only  to 
yield  extremum  rates  R  ’  (t),  as  in  §  7.1,  but  also  to  provide  least  rate  (7.31) 


in  many  fields  e.g.,  thermodynamics,  heat  conduction,  fluid  mechanics,  etc. 
Onsager,^  for  example,  derived  the  Principle  explicitly  for  heat  conduction. 

Joule's  Law  for  a  net  current  entering  into  a  KVL  and  a  KCL  electrical  network 
(blocks)  via  all  connecting  elements  in  the  block  c  and  to  all  existing  modes  in 
the  block  S,  states  that  the  currents  are  so  distributed  within  the  network  that  the 
summed  rate  of  dissipation  of  energy  in  the  combined  C,  E  and  S  blocks  is  a 
minimum.  We  have  here  derived  the  Principle  explicitly  from  (7.22)  via  extrema 

OQ 

(§7.1)  to  the  rates  of  association/dissociation  processes.  Bates,  by  analogy  with 
Joule's  Law,  postulated  that  a  measure  S  of  the  restoration  rate  of  thermodynamic 
equilibrium  by  recombination  for  highly  non-equilibrium  systems  (i.e.,  yc  »  y$  such 
that  explicit  time-dependence  can  be  ignored)  be  a  minimum,  a  Principle  which 
resulted"^  for  recombination  alone  in  the  quasi-steady-state  condition  (7.6)  of 
block  E.  From  eq.  (7.1)  and  (7.31)  it  follows  that  this  unnormalized  time- 
independent  measure  S  can  now  be  identified  with  the  rate  2aN^Nfg.  We  have  also 
generalized  the  situation  by  asserting  that  association/dissociation  in  general 
proceeds  such  that  the  rates  RA,D(t)  of  (7.1)  are  extrema  at  all  times  such  that 
RA  *D  ( t  -►«»)  tends  naturally  to  zero  when  thermodynamic  equilibrium  is  established  (in 
contrast  to  S).  The  Principle  of  Least  Dissipation  is  then  satisfied,  irrespective 
of  the  QSS-condition  (7.6).  Under  the  added  constraints  (7.3),  the  condition  for 
extrema  in  yields  the  QSS-condition  (7.5)  quite  naturally.  We  have  also  shown 
that  the  QSS-condition  is  equivalent  to  Tellengen's  Theorem  (7.29)  such  that  the 
total  power  (7.31)  in  the  Principle  of  Least  Dissipation  reduces  to  the  sum  of 
powers  dissipated  only  in  blocks  C  and  S. 

In  conclusion,  an  alternative  procedure  to  solution  of  coupled  integro- 
differential  equations  derived  in  §4  is  the  direct  search  for  extrema  to  the  rates 
(7.1).  These  extrema  are  the  actual  rates  of  the  process  and  the  system  satisfies 
the  Principle  of  Least  Dissipation.  The  procedure  is,  in  general,  irrespective  of 
the  quasi -steady-state  condition  (7.5)  which  necessarily  follows  only  when  the 
further  constraints  (7.3)  are  imposed.  Direct  application  of  the  Variational 
Principle  yields  excellent  results  (cf  Fig.  2-4). 


8.  Sunvnar, 


Sets  of  transport-col 1i si onal  Master  Equations  required  for  a 
comprehensive  description  of  the  two-particle  non-equilibrium  microscopic 
distribution  n  of  subsystems  (A-B)  in  a  thermal  gas  bath  M  have  been  derived 
in  §2  and  §3  for  various  physical  representations.  Each  set  is  appropriate  to 
the  variation  of  gas  density  N  between  its  low  and  high  density  limits. 
Assumption  of  equilibrium  in  one  or  more  of  the  dynamical  physical  quantities 
(R,E,L^,T.j)  in  §4  helps  reduce  the  complexity  and  dimensionality  of  the 
solution  n  for  the  corresponding  Master  Equation  for  the  distribution  of 
subsystems.  Even  in  the  limit  of  low  gas  density  N,  the  procedure,  not  only 
of  course  yields  the  appropriate  input -out  Master  Equation  (4.12a),  the 
subject  of  many  previous  studies6"14,  but  also  uncovers  an  additional 
eqn,(4.12b)  or  (4.17b)  which  helps  complete  the  full  description  of 
association/dissociation  processes  at  low  N.  The  various  Master  Equations 
furnish  complete  details  of  n  as  N  is  varied. 

In  §5,  expressions  for  association/dissociation  rates  RA»D(t)  are 
formulated  in  terms  of  two-particle  distribution  function  under  conditions 
both  of  quasi -steady-state  (QSS)  of  block  E  and  of  non-QSS,  when  the 
appropriate  rates  are  given  by  (3.34)  and  by  (5.36),  respectively.  By 
operating  at  a  more  basic  microscopic  level,  the  present  approach  has  also 
exposed  in  §5.3  the  key  assumptions  inherent  to  the  Debye-Smoluchowski 
Equation  used  frequently  for  chemical  reactions  in  condensed  matter.  The 
present  treatment  therefore  provides  a  unified  account  of  reactions  in  both 
gas  and  condensed  matter  phase. 

In  §6,  the  evolution  from  a  non-equilibrium  situation  to  full 

thermodynamic  equilibrium  with  the  gas  M  is  provided  by  introduction  of  the 
A  0 

probabilities  ’  for  association  or  dissociation  of  level  1  of  the  A-B 


pair.  Here,  the  ansatz  (6.7)  permits  separation  of  time  t  from  the  remaining 
physical  variables  as  (E^,L.j2,R).  and  automatically  permits  the  QSS-condltlon 
to  be  maintained  at  all  times  towards  eventual  equilibrium.  The  non-QSS  rates 
rA»D( t)  are  now  given  by  (7.1)  and  (7.13)  and  the  QSS-rates  by  (7.8)  or 
(7.14).  The  former  expressions  are  valuable2®  when  approximate  probabilities 
PA'°,  such  as  those  given  by  the  diffusion  approach,2®  are  used,  whereas  the 

op  AD 

latter  QSS-rates  are  Inappropriate*-0  when  approximate  '  are  used. 

A  new  Variational  Principle  for  general  association/dissociation  rates 
RA,0(t)  of  eq.  (7.1)  is  proposed  in  §7.1.  The  Principle  asserts  that  the 
actual  rates  RA»°(t)  are  extrema  at  all  times  i.e.  the  rate  RA(t)  or  R°(t), 
whichever  corresponds  to  the  overall  direction  of  the  process,  always  adjusts 
Itself  to  a  minimum.  If  conditions  are  such  that  the  overall  direction  is 
association  then,  at  all  times  t,  RA(t)  is  minimum  and  R°(t)  is  maximum;  and 
vice-versa  when  dissociation  is  the  overall  direction.  There  is  therefore  a 
tendency  to  counteract  the  change  and  evolution  towards  equilibrium  is 

A 

impeded.  Provided  Pi  is  zero  and  unity  in  blocks  CandS,  respectively,  a 

consequence  is  the  QSS-condition  (7.6),  or  the  integral  eq.  (7.7b),  so  that 
A  D 

QSS-rates  R*’  (t),  which  can  now  be  derived  directly  from  the  current,  are 
extrema,  and  are  exact. 

Direct  application  of  the  Principle  in  §7.2  shows  that  use  of  simple 

A  D 

analytical  variational  functions  for  P^ ’  in  the  new  general  expressions  (7.1) 

or  (7.13)  for  RA*°(t)  under  non-QSS  yields  a  minimum  (for  ion-ion 

recombination)  which  reproduces  the  exact  QSS-rates.10  The  general  expression 

A  D 

(7.1)  Is  valuable  when  approximate  probabilities  P. ’  are  used,  in  contrast  to 
the  QSS-expression  (7.8). 

In  §7.3,  contact  Is  established  between  the  present  Principle  and  (a) 
with  Tellegen's  Theorem®0-02  for  theory  of  electrical  networks  i.e.  the 


total  energy  In  QSS-block  E  remains  constant  In  time,  and  (b)  with  the 
Principle  of  Least  Dissipation  (of  Onsager15,33  for  heat  conduction)  wherein 
the  total  energy  dissipated  by  the  (A-B)  pairs  in  combined  blocks  C,  E  and  S 

pq 

is  always  least  and  (c)  with  Bates'  Postulate  for  highly  non-equilibrium 
systems  (y  »  y  )  that,  by  analogy  with  Joule's  Law28,  an  unnormalized 
measure  S  of  the  total  rate  of  restoration  of  thermodynamic  equilibrium  is  a 
minimum,  which  results3^  In  the  QSS-condition.  The  general  principle  here  is 
that  the  net  time-dependent  rates  R^,8(t)  are  extrema  at  all  times  t,  and  it 
naturally  follows  that  R^,8(t  ♦  «)  tends  to  zero,  as  it  should,  when 
thermodynamic  equilibrium  is  established. 

Various  components  of  the  present  theory  e.g.  reduction  of  the 
colllslonal  terms  via  a  Fokker-Planck  analysis  to  obtain  a  diffusional 
treatment  which  Is  highly  accurate  for  all  systems  and  Interactions,  and  the 
search  for  (exact)  time-dependent  analytical  solutions  of  the  Debye- 
Smoluchowskl  Equation  (§5.4)  for  general  interactions  are  considered  in  future 
papers.27,28 
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Here  we  summarize  and  derive  various  classical  equilibrium  distributions 

35 

and  properties  relevant  to  the  present  theory.  Bates  and  McKibbin  have 

already  discussed  several  important  aspects  of  classical  distribution 

functions.  The  probability  distribution  of  AB  pairs  with  internal  separation 

£  and  internal  momentum  j)  in  the  phase  interval  dRdj)  under  thermodynamic 

36 

equilibrium  at  temperature  T  with  dissociated  species  A  and  B  is 


"<M>dSd«  5 


nsB(?>e)d?de  “/ 


“A“B  (2itmkT)3/: 


exp(-E/kT) 


where  the  combined  electronic  and  nuclear  degeneracy  factors  are  u>Ag  for  the 

AB  pair  with  phase  density  nAB,  with  reduced  mass  m  and  internal  energy  E  <  0, 

and  are  a)A  and  wg  for  each  of  the  dissociated  species  of  equilibrium  concentration 
-3 

(cm  )  and  Ng,  respectively.  The  ratio  of  the  corresponding  translational 

partition  functions  (number  of  quantum  states  available  to  "move"  at 

temperature  T)  is  h  /(27rmkT)  ,  and  dj)dR/h  is  the  number  of  internal  AB 

states  (relative  energy  E  and  angular  momentum  L)  in  the  element  dfjdfR  of  phase 

space.  The  exponential  term  is  the  canonical  distribution  for  the  species  of 

energy  E<  0  interacting  with  a  heat  reservoir  (gas)  at  temperature  T.  The 

a 

equilibrium  constant  Ke^(R,^)dRdp  =  (a/k)dRdj3  for  A  +  B  t  AB, with  forward 

3-1  k  _ i 

association  rate  a(cm  s  )  and  dissociation  frequency  k(s  ),  is  also  given  by  (Al) 
since  aNANg  =  knAg. 

Implicit  to  (Al),  the  internal  energy. 


E  =  T.  +  V(R )  =  p  /2m  +  V (R )  (/ 

where  V(R)  is  the  potential  energy  between  A  and  B  at  separation  R  and  where 

2 

T.  is  the  relative  kinetic  energy  p  /2m,  and  the  internal  angular  momentum 


squared  of  the  A8  pair. 


L2  s  R2  p2  sin2e 


(A3) 


where  9  is  the  angle  between  R  and  £,  are  both  conserved  in  time.  For  structureless 
particles  w^g  =  u>g. 

The  equilibrium  distribution  n(R,jg)  is  independent  of  the  directions 
( © ,4> )  and  (eR,  4>R)  of  jg  and  £,  respectively,  and  depends  only  on  p  and  R  via 
(A2)  for  E.  Since  p2  dp  d(cose)  *  (m  p  dE )dL2/(2R2p2  cose),  then 


n(fc,E,e) 


exp(-E/kT) 

(2irmkT)3/2 


(2mnp) 


(A4) 


the  probability  density  (per  unit  djRdEd(cose))  of  (R,E,e)  pairs  is  independent 
2  2  2  2 

of  0.  Since  L  varies  from  0  -*■  (»R  0  )  +  0  as  e  varies  from 

max 

0  -*•  j  -►  ir  ,  then 


ntg.E.L2)  .  ' 

^  (2irmkT)3/z  L 


2irm 

R2(p2-L2/R2) 


T7I. 


(A5) 


2  2 

is  the  probability  density  (per  unit  djj  dE  dl  )  of  pairs  with  (J$,E,L  ).  Also 
the  probability  density  is 


[W| 

(2,mkT)3/2  L  J 


per  unit  dJldE  and  is  the  Maxwell -Boltzmann  distribution 

-  T;/zexp(-T./kT) 

n(JR,T)  - rr^ - exp(-V/kT) 

^  ^  ( kT) 3/2 


per  unit  djjldT.  The  distribution  per  unit  dE  dl/  is 


(A6) 


(A7) 


where  tr  is  the  radial  period  i.e.,  time  dR/vR  ^or  completion  of  a  round 
trip  between  the  turning  points  Rj(E,L2)  R2(E,L2)  -*■  R^E.L2)  given  by 
the  zeros  of  the  radial  speed  vR  i.e.,  of 

|mvR2  -  p2/2m  -  L2/2mR2  *  E-[V(R)  +  L2/2mR2]  (A9) 


The  probability  that  (E,L  ;-pairs  have  separation  £  in  the  interval  d^ 


about  R  is  then 

"Vi 


n(,$,E,L2)djjt  _  2dR  _  dT 
n(E,L2)  tRVR  T 


(A10) 


2 

where  T  is  half  the  radial  period.  This  is  expected  since  L  -conservation  implies 
constant  areal  speed. 

The  radial  period  for  a  Coulomb  field  (V  =  -e2/R)  is 


1*2 

t£c)(E,L2)  *  (m/2|E| ) 1/2  /  [( R2-R)(R-R1)]"1/2 

R1 


dR 


=  2tt( e^/2 1 E | )  3/z(m/e2) 1/z  =  2*a3/2(m/e2) 1/2 


(All) 


2 

is  independent  of  L  ,  and  is  proportional  to  the  cube-root  of  the  semimajor 
axis  a  (=  e  /2|E|)  for  elliptical  motion  (Kepler's  Law).  Since  the  radial 
and  angular  periods  are  the  same  for  Coulomb  attraction  TR»is  also  the  time 
for  completion  of  the  closed  elliptical  orbit. 


R  *  2R1R2[(R1+R2)  +  (R2-Rj)  cose]"1  (A12) 

which  is  the  distance  from  the  focus  (force-center)  and  9  is  measured  from  the 
eccentricity  vector  joining  the  focus  to  the  peri  apsis. 
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,*  s . 


1  n2  > 


For  the  three  dimensional  harmonic  oscillator  (V  =  j  k  R  ),  the  radial  period 


t£0)(E,L2)  =  (m/k) 1/2  /  [( R|-R2)(R2-R^)] ’1/2  dR2  =  ir(m/k)  1/2=tt/u>  =  \  xc  (A13) 

h 

2 

is  independent  of  both  E  and  L  ,  and  is  one  half  the  angular  period  or  the  time 
2-ir/u)  for  completion  of  the  associated  closed  elliptical  orbit 


R2  =  2R12R22[(R12+R22)  +  (R22-R12)cos29]‘1 


(A14) 


with  the  force  center  at  the  center  of  the  ellipse.  While  circular  orbits  are 

2 

possible  for  certain  combinations  of  E  and  L  for  other  interactions  V,  closed 

2 

orbits  for  all  E  <  0  and  L  are  only  possible  for  the  above  Coulombic  (C)  and 

oscillator  (0)  interactions  which,  in  addition  to  conservation  of  E  and  L 

appropriate  to  all  radial  V(R),  yield  a  futher  (time)  conserved  quantity 

associated  with  a  further  dynamical  symmetry;  for  C,  the  direction  of  the 
37 

Runge-Lenz  vector  which  joins  the  foci  and  periapsis  is  constant  in  time; 

for  0,  each  component  energy  E  and  E  for  individual  motion  in  the  X  and  Y  directions 

x  y 

of  the  orbit  plane  are  conserved,  as  is  E  =  E  +  E  ,  the  total  energy. 

a  j 

2  •  2  2 
The  energy  distribution  for  all  states  with  L  in  a  specified  range  0  <_l  <  Lx 

of  l  is  therefore  with  the  aid  of  (All)  and  (A13)  in  (A8)  given  by 


n(E,L2<l2)  =  ^ 

—  X  /  o 


(2irmkT)3/: 


[4'%  Lx  ] 


(A15) 


for  both  Coulomb  and  Oscillator  interactions.  The  probability  density  (per 

unit  energy  interval)  of  orbits  with  a  given  energy  E  which  therefore 

2  2  2 

intersect  a  sphere  of  radius  Rx  is  given  therefore  by  (A15)  with  Lx  *  px  Rx 


»  2m  R  [E-V (R  )]  where  pY  is  the  momentum  at  R  associated  with  the  orbit 

AAA  A 

which  just  touches  the  Rx-sphere. 

The  distribution  per  unit  d£  is 


n(E)  -  /  n(R,E)dR  -  J  n  (E,L2)dL2 
o  o 


(A16) 


where  R£  is  the  classical  turning  point  given  by  |V(R^)  *  |  E|  and  where  Lq  is 

the  maximum  angular  momentum  associated  with  a  given  energy  E. 

2  2 

For  Coulombic  attraction,  LQ  *  2in  E  a  so  that 


n  (E)  -  ”Pt=yKTl  Tr(E)L l  ■ 

c  (2irmkT) 3/2  R  0  (2irmkT)  /2  L  |E|  /z  J 


(A17) 


the  Saha-Boltzmann  formula  for  ionization  equilibrium.  For  the  three-dimensional 
oscillator,  LQ  *  (m/k)1^2  E  *  E/w,  the  equilibrium  energy  distribution  is. 


n  (E)  «  [4,3(m/k)3/^  E2] 

0  (2irmkT) 3'2  1  J 


(A18) 


The  fraction  of  the  total  number  of  bound  orbits  of  energy  E  which  cross  a 

2  2  2 

sphere  of  radius  Rx,  i.e.,  those  with  L $  Lx  =  2m  Rx  [E-V (Rx) 3 »  is  therefore. 


ve>  -  LxV 


(Rx/aHE-V(Rx)]/|E|  ,  Coulomb 


2m(uRx/E)^[E-V(Rx)] ,  Oscillator 


(A19) 


Thus  fx(E)  n(E)dE  is  the  number  of  classical  orbits  with  energy  between  E 

and  E  +  dE  that  cross  a  sphere  of  radius  Rx  centered  at  the  origin.  As  Rx 

increases  from  zero,  the  number  of  crossing  Coulombic  orbits  increases  as  Rx> 

2 

reaches  a  maximum  at  R  '  a  s  e  /2 I E 1 ,  and  then  decreases  to  zero  as  Rv  tends  to 


TT*] 


ev|E|  *  2a,  the  classical  turning  point  for  the  L  =  0  orbit;  because  high 
L-orbits  fully  encompass  the  R  -sphere  for  small  R  <  a  and  are  fully 

X  A 

encompassed  by  the  R  -sphere  when  a  <  R  <  2a. 

X  X 

The  fractional  contribution  to  the  overall  Coulombic  density  distribution 
(A17)  that  arises  within  the  Rx-sphere  is 

n(E,R<R  )  ?  r  ■  i  i  i  1 

9x(E)  ■  '  'n(E)  ’  7  [9x  '  4  5,n29x  -  4  Sin49x  *  12  Sln69xJ  (A20) 

- 1  2 
where  e  *  sin_1(R  /Rc)  in  terms  of  the  turning  point  RF  a  e  / 1 E |  where  g  -*»  1. 

x  X  l  c  x 

Thus  gx(E)n(E)dE  is  the  equilibrium  number  of  pairs  with  internal  separation 
R  <_  Rx  and  with  internal  energy  between  E  and  E  +  dE. 

The  density  of  bound  AB-pairs  with  internal  separation  R  is 

T 

"<«)  -  /  0<R,e)d£  .  f°n(R,ri)dTi  (A21) 

-V(R)  o 

where  TQ  is  the  maximum  kinetic  energy  (-V)  of  relative  motion  at  R.  With 
respect  to  the  distribution  exp( -V/kT)  over  R  of  all  levels  (bound  and  continuous) 
the  normalized  fraction 

f(R)  *  n(R)/exp(-V/kT)  =  [erf  (-V/kT)1/2  -—  |  V/kT| 1/2  exp(V/kT)]  (A22) 

/ir 

of  bound  levels  varies  from  0  to  1  as  R  decreases  from  infinity  to  zero.  For 

Coulombic  attraction,  f  is  0.20,  0.43,  0.73  and  0.996  at  R  =  2Rg,  Rg,  0.5  Rg 

2 

and  0.15  Rg,  respectively,  where  Rg  is  the  natural  (Onsager)  radius  e  /kT  where 
V  =  kT. 

The  conditional  equilibrium  probability  or  the  equilibrium  constants  K 

a  ” 

*  a/k  per  unit  dr,  dr9  ...  for  A  +  B  t  AB  can  in  general  be  written  as, 

1  L  k 
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n(r.,r,,..,rs)  .  h~  «P(-^T)  p 

1  2  s  (2^mkT)3/2  ( 


(r1#r2,..,re)  =  Kan(r1 ,r9>. .  ,re) 


eqv  1  2‘ 


(A23) 


where  p  is  the  classical  density  or  statistical  weights  of  internal  states. 

3 

The  corresponding  statistical  volumes,  h  p  are  given  directly  by  the  square- 

V 

bracket  terms  in  (A4)  -  (A8)  for  each  of  the  five  sets  (R,E,e),  (R,E,L2), 

f\j  f\j 

(£,E),  (£,T)  and  (E,L2)  of  variables  and  in  (A17)  and  (A18)  for  the  particular 
energy  distributions  appropriate  to  Coulombic  and  oscillator  attractions. 

Finally,  it  is  worth  noting  that  equilibrium  with  respect  to  a  given 
variable  Ij  alone  implies  that  the  fractional  distribution  nfr^.r^,  ...,  rs)// 
n  dTj  is  given  simply  by  the  corresponding  equilibrium  fraction. 

Classical-Quantal  Correspondences.  Since  the  three-dimensional  Coulomb  (C) 

and  oscillator  (0)  interactions  are  unique  in  having  closed  bounded  orbits 

for  all  values  of  E  <  0  and  L  ,  new  and  interesting  classical-quanta!  correspondences 

may  be  derived.  Under  appropriate  quantization,  n.h  and  (nD  +l/2)h  when  n„  Q 

*  0,  1,  ...  ,  of  the  actions  associated  with  (<fr)  and  libration  (R,e)  generalized 

coordinates,  and  generalized  momenta  (pD,Pa,pJ  respectively,  the  full  classical 

K  0 

action  for  Coulombic  attraction 


J  =  £pRdR  +  j?  p 4>  +  /  pQde  *  (2m)^2  tt  e2  |  E|  "1//2  =  (np  +  n9  +  n ^  +  l)h  (A24) 

being  quantized  to  integral  (n  z  l)h,  yields,  as  is  well  known,  the  exact 
quantal  energies.  For  the  isotropic  oscillator,  the  quantized  classical  action 


J  s^pxdx  +  j  pydy  +  {  p2dz  *  2-rr(m/k ) 1/2  E  *  (n+3/2)h  ,  n  *  0,  1,  ... 


(A25) 


% 


k' 


i 


t 
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yields  the  correct  quantal  energies 


En  *  (n  +  3/2 )fi  u  ;  u>  *  (k/m) 


1/2 


( A26) 


with  degeneracy  j  (n+l)(n+2).  The  number  of  internal  states  pq(E)  per  unit 
energy  interval  dE  is  therefore  given  by 


pn(E)dE  *  i  (n+1  )(n+2 )dn  s  1  (n+l)(n+2)dE  /ITtu 


(A27) 


which  in  the  limit  of  high  n  >>  1  agrees  with  the  classical  density  pc (E )  *  4tt 
2  3  3 

E  /(h  id  )  obtained  from  (A18)  and  (A23).  Since  even  i  are  associated  with 
even  n,  and  odd  t  are  associated  with  odd  n,  then  in  the  classical  limit  of 
continuous  t, 

PQ(ErfL2)dEn  dL2  *  \  (2£+l)dn  dl  *  j  dEn  dL2/fc3aj  (A28) 


with  L2  *  t(t+lj1i2.  This  quantal  density  Pq  agrees  exactly  with  the 
classical  density  pc(E,L2)  »  4w2  -cR/h3  obtained  from  (A8  )  and  (A13). 


Corresponding  identities 


Pg(E,L2)  =  n3/(me4)  =  4,2  T(./h3  =  pc(E,L2) 


(A29) 


and 


_5/,_2 


Pq (E )  «  nJ/(ec/ao)  *  4^  t  LQ2/h3  *  pc(E) 


(A30) 


35 


for  Coulombic  attraction  have  already  been  shown.  These  identities  support  the 


use  of  classical  distributions  for  these  interactions  in  heavy-particle  systems. 
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V.v .  \W-\v  v* 


.s 


The  classical  average  of  Rs  for  bound  orbits  with  E  <  Q  and  all  accessible 


L2,  is 


h  h 

<RS(E)>  =  /  Rs  n(R,E)dR/  /  n(R,E)dR 


(A31) 


which,  for  the  Coulomb  case,  yields 


<RS(E)>  *  Res  B(|  ,|  +  s)/B(|  ,|  ) 


(A32) 


where  R^  is  the  turning  point  e^/ | E |  and  where  the  Beta  function  B(x,y)  is 


r(x)  r(y)/r(x+y)  in  terms  of  the  Gamma  function  r.  Hence, 


«(£„>’  =  I!)  3  1  a  •  e2/2|Ej  i  n2a( 


(A33) 


whch  agrees  at  high  n  >>  1  with  the  quantal  expectation  value 


39 


n-1 


<Rn>  =  \  l  (2^1)<Rni>  =  f  (1  +  l/5n2)n2ac 


(A34) 


n  i=o 


Moreover,  the  classical  average  of  R  over  a  given  bound  (E,L  )-orbit  is 


*2  r2 

<R(E,L2)>  *  /  R  n(R,E,l2)dR/  /  n(R,E,L2)d^ 


i\/  3  'V 

R1 


( A35) 


=  a  -  L2/2me2 


1  2  39 

and  agrees  exactly  with  the  quantal  value  j  aQ[3n  -  fcU+l)].  the 

2  2 

i-summation  in  (A34)  is  replaced  by  L  -integration  between  0  and  L  max 
*  2m|E|a2,then  the  quantal  result  (A34)  yields  the  classical  result  (A33)  exactly. 


■  % 
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The  averaged  value  of  R  for  these  orbits  of  energy  E  that  cross  a  sphere  of 


radius  Rx  is  therefore 


2  2 
x  R2  x  R2 

<R(E,Lx2)>-  /*  dL2  J  R  n(R,E,L2)d£/  J*  dL2  J  n(^,E,L2)dR 

o  Rj.  o 


R, 


-fa-  Lx2/4me2 

'  !a-72Rx2«  -V(Rx)^ 

2e 


(A36) 

(A37) 


3 

which  for  Coulomb  attraction  tends  to  j  a  in  the  limit  of  small  radii  Rx  <<  a 

2 

when  only  the  L  *  0  orbit  crosses.  When  Rx  equals  a,  all  L  -orbits  cross  and 
(A37)  tends  to  jfj  a,  in  agreement  with  (A33). 

Apart  from  the  intrinsic  interest  and  considerable  insight  gained  from 
noting  that  the  classical  equilibrium  probability  distribution  and  the  quantal 
probability  kn4ml2  have  much  in  common,  all  of  the  distributions  (A4)-(A8), 
(A15)-(A22)  over  physical  variables  (R,E,L  )  and  their  associated  properties 
(A32)-(A37),  are  directly  relevant  towards  implementation  of  the  theory  and 
solution  of  the  Master  Equations  developed  in  the  main  text  for  association/ 
dissociation  processes  in  dense  gases. 


ui librium  Energy-Change  Collisions!  Rates  for  Various  Subsystem 


AB-Bath  M  Interactions. 

Theoretical  Equilibrium  Rates:  In  this  section  the  collisional  term  (2.1b)  of 
the  "Boltzmann"  equation  (2.1)  is  transformed  so  as  to  yield  equilibrium  rates 
C^(R)  for  i  f  transitions  in  the  internal  energy  E^  of  the  AB  pair  with 
internal  separation  R  via  collision  with  the  Maxwellian  bath  of  gas  particles 
M.  Explicit  expressions  for  Cif  appropriate  to  various  interactions  (Coulomb, 
Polarization,  Hard-Sphere,  Charge-Transfer)  of  A  and  B  with  M  are 
summarized  for  use  as  a  comprehensive  package  in  the  theory  provided  in  the 
main  text. 


Denote  A,  B  and  M  by  i  =  1,  2  and  3,  respectively,  their  masses  and 
reduced  masses  by  Mi  and  M^,  respectively,  and  their  pre-  and  post-collision 
velocities  and  momenta  by  ^ ^  and  1  taken  all  relative  to  the  (1-2) 

center  of  mass  before  the  (1-3)  collision.  The  (1-3)  relative  velocities 


before  and  after  the  collision  are  ^  and  with  orientation  (^,<J>)  with 

respect  to  polar  axis  along  The  changes  e(h  and  P  in  the  internal 

1  2  2 

energy  and  internal  momentum  of  the  pair  AB  are  '  ^1*^2^ 

and  Mj2  ($'-$)>  respectively. 

The  rate  C^  is  the  sum  cj^  +  cj^  of  the  individual  contributions  C.y  ^ 
arising  from  (j-3)  scattering  alone.  Expressions  for  the  averaged  rates 


kif (Ei ,Ef )  =  /  F(u)  kif(u)du  (B1 

arising  from  elastic  (j-3)  scattering  by  general,^  hard-sphere11  and 

3  10 

polarization  interactions  and  from  charge- transfer  collisions  for  general 

masses  have  been  determined  previously^’11  by  integrating  the  partial  rates 

k.f(u)  for  a  fixed  (1-2)  relative  speed  u  over  the  normalized  speed 


distribution  F(u).  Since  the  emphasis  here  is  on  the  non-equilibrium  R 
distributions  of  Boltzmann's  equation  at  higher  gas  densities,  the  more 


relevant  quantity  is  the  energy  change  kernel  ^(R)  which  is  related  to  the 
previous  quantity  (Bl)  via 


where  Rif  is  the  minimum  of  the  outermost  turning  points  Ri  and  Rf  associated 
with  E.j  and  respectively.  The  isolated  kernels  C^R)  for  the  various 
interactions  are  extracted  from  the  previous  work^*®*^*^  as  follows. 

The  Jacobi ans  J  in  the  following  transformations 


d^‘  ( <j>,$)  ^3(03*3)  *  J2  d  e  d(cos4»)dg  d<(> 3  *  J3  d  e  dP  dg  d4>3  (B3) 


valuable  to  the  colli  si onal  term  in  Boltzmann's  Equation  (2.1b'  have  already 
7  Q  40-4?  42 

been  determined  *  ’  as  has  also  J&  in 

dSl'  d^3  =  J5  dEdP  dEl  (B4) 


.42 


valuable  to  transformation  between  quantal  and  semiquantal  treatments  The 
orientation  (63,^3)  of  £3  is  taken  with  respect  to  the  polar  axis  along  j^. 
Evaluation  of  J2  in  (B3)  yields  (from  ref.  7  for  elastic  A-M  collisions  and  refs 
41  and  42  for  inelastic  A-M  collisions), 

dicosjtl - -  (Bs; 


\  d(cose3)d4  d(  cos\p )  =  gs(vdev'  gj  77  -..i/2 

2  J  vlv3  vi»v3*97  [(cos^  -cos4»)(cos4<-cosi|)  )]  2 


M 

S(v1,v3,g)  =  C(l+a){v12+av32)  -  ag2]1/2  =  S(v1',v3',g')  (B6) 

u 

7  41  42 

is  symmetric  with  respect  to  pre-  and  post-speeds.  The  limits  *  * 

*±^vl,v3»g;  ^  ™  (B5)  t0  the  scattering  angle  for  fixed  Vj,  v3,  g  and  e  need  not  be  £ 
reproduced  here.  The  limits  g±(v1,v3;e)  to  the  relative  speed  g  in  (B5)  are7,41,42  _ 


g'(vl,v3;e)  -  max[|v1-v3|  ,  |v1*-v3‘ | ] 


9  (Vj.v-jje)  =  min[v1+v3,  v1'+v3‘] 


and  g  >  g“. 


Determination  of  Jo  in  (B3)  yields^’4^-42  the  alternative  expression. 


j  d(cose3)d<ji  d(cos^) 


Q  dq  2q  de _  P  dP 

v. v^  Dftn*-  „2w  2  2 » 1 1/ 2  u2  2 

1  3  Pi(g+-g  )(g  -g_)J  *  M13g 


where  the  limits  g+(v1,v3;P,e)  to  the  relative  speed  g  for  fixed  v, ,  v3,  P  and  e 
also  need  not  be  reproduced  here.  The  limits  P±(v^,v3;e)  to  the  momentum 


change  P  are 


P'Cvj.Vjje)  ■  max[M|v1,-v1|,  Ms|v3'-v3|] 


P  ^ V1 »v3*  )  =  minfMtVj'+Vj)  ,  Ms(v3'+v3)] 


where 


M  *  M1( 1  +  Mx/M2) 


(BIO) 


the  effective  mass  of  the  AB  pair  in  the  (1-3)  collision,  and  where 

M$  =  (M1+M2)M3/(M1-t+11+M3)  »  aM  =  (l+a)M13  ,  (Bll) 

the  reduced  mass  of  the  full  pair-gas  system,  can  be  expressed  in  terms  of  a 
mass-ratio  parameter^ 


a  =  M2M3/M1(M1#I2+M3) 


(B12) 


for  (1-3)  collisions. 

Under  thermodynamic  equilibrium  at  temperature  T, 


n.(R,E.)  exp(-Ei/kT) 


Vb  (2trM12kT) 


Tfl  4wM12(M1v1) 


(B13 ) 


then  the  equilibrium  rate  for  energy-change  collisions  at  frequency  is 


C1f(R)dEf  =  n.(Jg,Ei)vif(R)  dEf 


(B14a) 


n1  (R,Ei  )dEf  /  N0(j^3)d^3go(g,i|))  d( cosip) ( d4)/de) 


(B14b) 


which  is,  in  general,  a  four-dimensional  integral.  The  transformation  (B5) 
is  appropriate  to  the  cases  of  general  differential  cross  sections  a(g,i|»)  or  of 
isotropic  cross  sections  a(g),  and  (B8)  is  appropriate  for  a(P,g)  or  a(P). 

For  isotropic  gas  distributions  NQ(P3),  C^(R)  is  therefore  a  triple  integral 
for  general  scattering  of  the  AB  pairs  by  M.  Considerable  reduction  to  a  double 
or  single  integral  or  to  an  algebraic  expression  occurs  for  the  following  specifi 
interactions. 
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CASE  (1) ,  q(P):  For  Coulombic  attraction  (-eVR)  between  1  and  3,  the 
differential  cross  section  per  unit  solid  angle  is 

a  (P)  =  4  e4  M132/P4  (B15) 

a  function  only  of  momentum-change  P.  With  (B8)  in  ( B 14b ) ,  the  g-integration  involves 
x"*"  +  1/2 

the  integral  /  (x  -x)(x-x  )  '  dx  *  it  so  that  the  equilibrium  rate  is  ( B  14a) 

x” 

with  the  frequency  (per  unit  dE^)  given  by 

m  .  P+ 

v*^'(R)  =  (x/M^v^N  /  v"1  G(v3)dv3  /  ct(P )dP  (B16) 

P‘ 

for  general  o(P).  The  limit  vQ  arises  from  reality  of  P^  in  (B8)  and  satisfies 
1  2 

4  M$  v0  =  max(0,Ef-Ei ) ,  which  asserts  that  the  kinetic  energy  of  AB-M 
relative  motion  be  sufficient  for  excitation  (Ef  >  E^  or  be  at  least  zero  for 
de-excitation  (E^  <  E^).  The  R-dependence  of  at  fixed  Ei  occurs  via  Vj  in 

Ei  =  1  M  vi  +  V(R)*  The  distribution  G  in  speeds  v3  of  the  bath  particles  3  of 
density  N  (cm  )  is  orientation  independent  and  may  for  example  be  taken  as 
the  Maxwellian 

/  No<«3)d&  ‘  N  6(v3)<Jv3  ’  ^  (jH  v32/kT)1/2 
4ir  rir 

exP(_iMs  v32/kT)d(jMs  v32/kT)  (B17  ) 

appropriate  to  thermodynamic  equilibrium  between  3  and  the  (1-2)  center-of- 
mass.  Hence, 

exp(-Ei/kT)v31  G(v3)dv3  *  (y  Ms/kT)1/2  exp(-E/kT)d(E/kT)  (B18) 


where  the  total  (conserved)  energy  of  the  system  is 


(B19) 


E 


From  (813)  and  (B15), 


nj ($»£■)•)  ^  2 

* 


-1/ 2  u 

- - £  exp( -E/kT )  d( E/kT ) 

(kT)2 


(B20) 


so  that  the  equilibrium  collisional  (E..-*  Ef)  rate  (B14)  for  general  a(P)  is 


C 


(1) 

if 


(R) 


1/  oo  * 

H - /  e><P("E/kT)  d( E/kT )  /  a(P)dp 

M23(kT)2  Eq 


(B21 ) 


where  EQ  is  max(E^,E^).  Since  P±  of  (B9)  is  symmetric  with  respect  to  pre  and 
post  collision  speeds,  is  also  symmetric  thereby  satisfying  required 
detailed  balance.  For  hard-sphere  scattering,  a(P)  =  a0/4",  and  the  inner 
integral  in  (B21)  is  simply  (P+-P~)o0/4ir;  and  (B21)  then  agrees  with  Eq.  (32) 
of  ref.  (11),  for  Coulomb  scattering  (B15),  the  inner  integrand  of  (B21)  is 
|  e4  Hu2  (P-3-P-3). 

The  frequencies  and  rates  are  pure  functions  only  of  the  initial 

.  .  1  2  1  2 
and  final  kinetic  energies  Ti  *  j Mvi  and  Tf  =  2Mvl  ;  and  the  ^-dependence 

in  (B21 )  arises  via  the  (1-2)  interaction  V(R)  in  Ti  =  E.  -  V (R )  and  Tf  =  Ef  - 

V (R )  for  fixed  E^  and  E^. 

CASE  (2);  cx(q):  When  the  (1-3)  differential  cross  section  is  taken  as  the 
orbiting  cross  section. 


0(9)  =  (ae2/4Mug2)1/2  =  B/g  (B22) 

2  4 

appropriate  to  polarization  attraction  (-<*e  /2R  )  followed  by  core  repulsion  then, 
integrating  (B5)  over  ip. 
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on 


(B23) 


v^'(R)  ■  (ir/v^N  /  v-i  G(v3)dv3  /  ga(g)dg/S(v1,v3,g) 
vo  8’ 

for  isotropic  (1-3)  cross  sections  a (g) t  in  general. 

On  adopting  the  Maxwellian  distribution  (B17)  for  S,  the  equilibrium  collisional 
rate  (B14)  for  this  second  case  is  therefore 


C(2)(R) 


oo  g 

[2a1/2MN/(kT)2]  /  exp(-E/kT)d(E/kT)  J  go (g)dg/S( Vi^.g)  (B24) 


For  polarization  attraction  (B22),  the  inner  integral  yields 


B/dg/S=^f|  [sin_1(g+/A) 


sin-1 ( g~/A) j 


(B25 ) 


g 


where 


A2(v1,v3)  *  (l+a)(v12+av32)/a 


(B26) 


Since 


2  sin-1  x1/2  =yir  -  sin_1(l-2x). 


(B27 ) 


V  8 

the  result  of  Bates  and  Mendas  for  k^,  the  averaged  energy-change  rate  (B2 ) 
per  AB-pair,  is  recovered. 

CASE  (3);  Charge-Transfer:  On  assuming  that  the  cross  section  aX  for 
symmetrical  resonance  charge  transfer 


is  independent  of  the  speed  g  of  relative  motion  as  at  low  energies,  then  the 


angular  integrations  of  (B14)  yield  simply, 

d(C0S8o)  i  ?  ?  1/  y 

— 4^ /  [go  (g,^)d(cos\|i)d$]d$3  =  j  (v^+v3-2v1v3cos63)  '2  Qx 

(tj),^,^3) 

-  (^J  /2[v|-(v^2e/ M1)]1/2  QXdEf/(2MlVlv3) 
where  Qx  is  the  integral  cross  section  for  charge  transfer,  where 


d(cose3) 


(B29) 


c  =  Mj/Mg 


(B30 ) 


for  (1-3)  collisions  and  where  e  =  E^  -  E^  is  the  energy  change.  The 
frequency  of  i  -*■  f  collisional  transitions  at  (1-2)  separation  R  is  therefore. 


(B31 ) 


where  the  limits  to  v3  for  a  specified  energy  change  e  at  given  speed  v^ 


are 


10 


vivpc)  =  (1+c)  [vx  +  2  /M^l+c)]172  +  c  Vj 


(B32) 


and  originate  from  the  assumption  that  the  (1-3)  collision  (B28)  simply 
interchanges  v^  and  v3.  On  adopting  the  Maxwellian  distribution,  (B 31 )  can  be 
rewritten  as 


■  i*r 


NQ 


2M1V1 


exp(Ei/kT) 


Iif(yl;Ei ,Ef) 


(B33) 


where 
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'if 


*  /  1  E  -f  £  %  "i  2 

(VjiEj.Ef)  ■  exp  -(■p|j](4T-t]j  exp[-V(R)/(2ctl)kTj  G(E)dE 


(B3 


is  symmetrical  in  E^  and  E^.  The  fraction  of  Maxwell  particles  with  energies 
E  in  the  range  E~  <.  E  _<  E+  is 


6(E)dE  =  Cerf(E/kT)1/2  -  (E/kT)1/2  exp(-E/kT)]^+ 


(B3! 


where  for  this  case, 

E*  =  Cc(l+c)/(l+2c)]C(Ei  -V(R  )> 1/2  +  (Ef  -  V(R)}1/2]2  (B3l 

Hence  the  equilibrium  rate  for  i  -*■  f  charge-transfer  collisional 
transitions  is 


(R) . 

(2itM12)1/2 


N  Q* 
(kT)i/z 


X1f (vl;Ei *Ef ) 


(B3 


an  algebraic  expression  which  satisfies  detailed  balance  and  which  yields  the 
rate  (in  ref.  9)  for  kif,  the  averaged  rate  (B2)  per  AB-pair. 

Computational  Equilibrium  Rates:  All  of  these  equilibrium  rates  for  the 
above  three  cases  may  be  conveniently  expressed  for  computational  purposes 
in  terms  of  dimensionless  units. 


*  =  -  E i / kT ,  u  =  -  Ef/kT,  v(r)  =  -  V(R)/kT 


R_  =  e2/kT 


r  *  R/R_, 


(B39) 


4tt  C.jfWf^dRldE.j  j  |dEf|  ■  r  ay  F(x,w;r)r2  dr  dxdu,  (cm2  s"1) 


in  terms  of  specified  mass  factors  r  and  the  Thomson  (low  density)  rates (see,  for 
example,  ref.  10). 

aT  ‘  f  *(Re/e)3(3kT/M12)1/2  0QN  ,  e  »  3/2  (B40) 


where  aQ  is  the  integral  cross  section  for  (1-3)  collisions  at  relative  energy 

3 

2  kT*  The  appropriate  mass  factors  r  in  (B 39 )  and  cross  sections  oQ  in  (B40)  are 


r 


H 


(B41 ) 


for  hard-sphere  (1-3)  collisions  with  integral  cross  section  o 


H 

o 


r 


c 


«  3a 

y 


(B42) 


for  Coulomb  (1-3)  collisions  with  integral  cross  section  aQC  which  corresponds 
to  Coulomb  scattering  by  angles  ♦  >_ir/2,  and  to  energy  transfers  e  >  ( 3/2 ) kT 

for  equal  mass  species.  For  (1-3)  polarization  attraction/core  repulsion; 


ii±a) 


V: 


3/: 


M12 

M1 


2ir(aRe/3)1/2 


(B43) 


p 

andoQ  adopted  in  Thomson's  rate  (B40)  is  the  corresponding  integral  (elastic 
or  momentum  transfer)  collisional  cross  section  at  ( 3/2 ) kT  relative  energy. 

For  (1-3)  charge- transfer  collisions, 


r 


x 


(B44) 


where  oQ  in  (B46)  is  the  corresponding  momentum-transfer  cross  section,  taken 

x  43 

as  twice  the  cross  section  Q  for  charge  transfer. 


The  corresponding  dimensionless  functions  F  in  (B39)  are  symmetric  in  X 


and  u  and  are 


FH(x»u;r)  =  /  exp(-Y )dY  [P+  -  P_];  Y  =  max(-x.-u) 


for  hard-sphere  (1-3)  collisions  with  (dimensionless)  momentum-change  limits 
P+  >_  P_,  given  by 

P_( X.u;r)  >  max  [v(r)  -  x]1/2  -  [v(r)-u]1/2  ;  a1/2[ ( Y+X ) 1/2- ( Y+u) 1/2 1 ] 
and  (B 

P+(x,y;r)  =  min  [v(r)  -  x]1/2  +  [v(r)-p]1/2  ;  a1/2  [(Y+x)1/2  +  (Y+P)1/2] 


Fc( x,u;r)  =  /  exp( -Y )dY  [P-3  -  P"3] 
Y 


for  Coulomb  (1-3)  collisions. 

For  polarization  (1-3)  collisions. 


FP (x  ,m  ;r)  =/  exp(-Y  )dY  Lsin_1(G2/A)  -  sin'^G^A)] 


where 


Gj(x  ,u  ;r)  *  max  |  (Y+x)1/2  -  a1/2[v(r)-x  ]1/2|  ;|  (Y+y)1/2  -  a1/2[v(r)-u  ]1/2| 
» 

G9(x ,u  ;r)  *  mi nf(Y+x )1/2  +  a1/2[v( r)-x ]1/2;  (Y+u)1/2  +  a1/2[v(r)-y]1/2] 


A  =  (1+a)  '  [v( r)  +  Y]i/£ 


H 


For  charge-transfer  (1-3)  collisions 


Fx(X,y;r)  =  exp 


1+c 


l+2c 


( A+y)  C-y  erf  g  -  g  exp(-g2 


)] 


9+ 

9. 


where 


9±(A,y;r)  =  C(il^Cc)  t  v(  r)-x] 1/2  +  [v(r)-y]1/2 


The  universal  expression  (B39)  is  also  valuable  in  that  the  one-way 
equilibrium  rate  across  an  arbitrary  bound  level  v  »  -  E/kT  is  simply 


V  U) 

a  =  T  ay  /  dX  /  F(X,y)dy 

^  -oo  V 

where  u>  =  -  D/kT  is  the  maximum  binding  energy  in  units  of  (kT)  and  where 

r 

ID  o 

F(x,y)  =  J  F(x,y;r)r  dr  ,  rm  =  l/max(x,y) 
o 

This  equilibrium  collisional  rate  displays10,11  a  minimum  at  v*  =  (1 

28 

the  location  of  a  bottleneck. 

Moreover,  the  non-equilibrium  association/dissociation  rate  (6.3) 
reduces  simply  to 


(B55) 


where  P  (x)  is  the  net  probability  of  collisional  dissociation  of  pairs  with 
energy  ( -XkT) .  Eq.  (B55)  with  v  =  0  provides  the  loss  rate  (6.17)  from  the 
continuum  (Block  C);  and  provides,  with  v  =  -S/kT  =  e,  the  growth  rate  (6.15) 
of  block  S,  and  with  arbitrary  v  in  the  block  E,  (0  <  v  <  e),  provides  the 
association  rate  (6.23)  under  quasi -steady-state  conditions  in  block  e. 

Also  various  energy-change  monents, 

Di(n,)'Ei>  =5r/  <Ef  ’  E1>mc1fdEf  (B56> 

useful  in  a  Fokker-Planck  analysis43  of  the  collision  term  (2.1b)  of  the  main 
text  and  expressed  simply  as 

D.m(Ei)  =  ra(kT)n,‘1(-l)mp.(ni)(x)  (B57) 

where  the  dimensionless  moments 

v\m '(*)  =  ^  /  (u-x)mF(x,u)du  ( B58 ) 

-00 

are  easily  determined^3  on  using  the  relevant  expression,  (B45),  (B47),  (B48) 
or  (B51),  appropriate  to  the  chosen  interaction  between  AB  and  the  gas 
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Figure 
Fig.  1 

Fig.  2 

Fig.  3 

Fig.  4 


.v.v.v. 


Captions 

.  Assignment  of  the  fully  dissociated  block  C  of  free  A  +  B  pairs,  of 
the  fully-associated  block  S  of  bound  (A-B)  pairs  and  the  block  E  of 
pairs  in  highly  excited  bound  levels. 

.  Ratio  of  the  association  rate  R^(x*,b,c),  eq.  (7.13)  to  the  exact 
QSS-rate,  eq.  (7.14)  over  variational  parameters  X*,  b  and  c. 

.  Association  and  Dissociation  Probabilities  P^»^(x)  as  a  function  of 
depth  into  the  energy  well.  For  Ej  ~  10  ke,  where  e  is  gas 

temperature,  PA  is  almost  unity  and  P^  is  negligible.  - EXACT 

QSS;  - , . .  Variational  Functions  with  x*  *  1.25 

and  with  tfie  set  (b,c)  equal  to  (0,0),  (0.20,0)  and  (0.20,-0.006) 
respectively. 

A 

.  First  Derivative  (dP  /dx)  of  association  probabilities,  corresponding 
to  curves  of  Fig.  3.  The  minima  of  the  exact  OSS  and  Variational 
functions  result  in  identical  locations. 
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Dlffusional  Theory  of  Association/Dissociation  Non-Equilibrium 
Processes  for  General  Systems 


M.  R.  Flannery, 

School  of  Physics, 
Georgia  Institute  of  Technology 
Atlanta,  Georgia,  30332,  U.S.A. 


Abstract:  Upon  re-examination  of  the  foundations  of  the  diffusional  treatment 

of  association/dissociation  processes  involving  a  non-equilibrium  distribution 

of  (A-B)  pairs  in  a  g?s  M,  it  is  shown  that  highly  accurate  results  may  be 

obtained  for  general  mass  systems  provided  a  new  and  more  basic  expression  for 

the  time-dependent  association/dissociation  rates  R"»^(t)  is  introduced. 

These  rates  RA,D(t)  are  derived  here  in  terms  of  the  probability  P^’°(E^)  that 

(A-B)  pairs  with  internal  energy  E^  has  associative/dissociative  character  and 

are  obtained  without  appeal  to  the  quasi-steady-state  ( OSS)  condition  for 

highly  excited  levels  E^ .  Then  association  and  dissociation  can  be  treated  in 

a  unified  way  and  evolution  towards  equilibrium  with  the  gas  is  naturally 

A  D 

achieved.  Comparison  is  made  between  the  exact  probabilities  P,.  *  obtained 
from  the  QSS-condition  to  the  Exact  input-output  Master  Equation  and  those 
obtained  from  the  derived  diffusional  equation.  R^»^(t)  reduces  to  the 
constant-in-energy  current  J(t)  through  the  excited  levels  only  for  exact  QSS 
of  the  Master  Equation.  When  approximate  probabilities  are  adopted, 
identification  of  RA’^(t)  with  J(t)  is  not  justified.  The  basic  expression 
introduced  here  for  R^’^(t)  is  appropriate  for  both  exact  and  approximate 
(diffusional)  probabilities  and  yields  excellent  results  for  ion-ion 
recombination  in  a  dilute  gas  over  the  full  range  of  masses  of  the  species 
involved  and  over  various  classes  of  ion-neutral  interaction  (polarization, 
hard-sphere  and  charge-transfer). 


PACS:  34.10X,  34.50.Lf.,  82.20.Mj 
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1.  Introduction 

The  picture  of  recombination  and  of  association/dissociation  processes 
involving  subsystems  ( A-B)  in  a  thermal  bath  of  dilute  gas  M  as  occurring  via 
diffusion  in  energy-space  has  stimulated1"^  a  great  deal  of  interest,  in 
principle  valuable  to  elucidation  of  many  examples  of  laser-induced  plasmas, 
decay,  of  reaction  processes  in  flames,  of  shock  wave  propagation  etc.  In  a 
classic  paper,  Pitaevskii1  derived  a  rather  elegant  analytical  result,  which 
because  of  its  Inherent  simplicity  over  more  sophisticated  and  therefore  time- 

o  in 

consuming  procedures  based  on  a  collisional  input-output  Master  Equation0  , 
has  been  applied  to  situations6-6,  other  than  to  electron-ion  recombination1 
for  which  it  was  originally  Intended.  Bates11  has  pointed  out  that  of  the 
several  different  classical  diffusion  models  of  electron-ion  recombination, 
the  correct  model  is  that  of  Pitaevskii.1  Moreover,  the  formula  of  Pitaevskii 
can  be  reproduced16  exactly  by  Thomson-style  arguments.  In  spite  of  its 
attractive  features,  the  diffusion  picture  as  formulated1-6  achieved 

O  C 

remarkably  disappointing  results  for  heavy-particle  ion-ion  recombination0  , 

or  for  any  atom-atom  association  process,  in  a  gas. 

Apart  from  recognition  that  diffusion  methods  (based  on  a  Fokker-Planck 

reduction  of  the  input-output  collisional  integral)  are  likely  to  be  valid 

only  when  the  collisional  energy  changes  are  small,  the  basic  intrinsic  defect 

for  application  of  the  Pitaevskii  expression  to  general  mass  systems  remains 

undetected.  Moreover,  that  a  much  less  sophisticated  "bottleneck"  model16 

achieved  much  closer  agreement16  with  the  exact  results  of  the  Master 

Equation6-111  for  ion-ion  recombination  presents  a  puzzle. 

On  examination  in  this  paper  of  the  foundation  of  the  diffusion  approach 

in  a  new  light,  the  basic  defect  in  the  treatment  becomes  apparent.  In  §2, 

A  D 

probabilities  P^ ’  for  association/dissociation  of  pairs  (A-B)  with  internal 


energy  E.j  are  introduced  and  an  expression  for  the  time-dependent  current 

J.j(Ef,t)  is  developed.  In  §3.1,  a  Fokker-Planck  (FP)  analysis  of  the 

collision  integral  and  current  is  performed  consistently  to  fourth-order 

and  useful  relationships  between  the  various  energy-change  moments  are 

established.  In  §3.2,  the  diffusion  approach,  based  on  a  second-order  FP- 

A  D 

analysis,  is  shown  to  provide  accurate  probabilities  P^ *  for  general  systems 

but  inaccurate  heavy-particle  currents  from  which  previous  rates  were 

obtained. A  new  expression  for  the  time-dependent  rates  R^*®(t)  under  ail 

A  D 

conditions  is  developed  in  §4  in  terms  of  P^ *  .  These  rates  obtained  with 
diffusional  P^’D  will  then  be  compared  with  exact  rates1®**5  for  the  benchmark 
case  of  ion-ion  recombination  in  a  gas  for  various  masses  and  ion-gas 
interactions. 

As  initiated  in  ref  (14),  the  analysis  here  so  describes  the  time 
evolution  from  a  non-equilibrium  distribution  of  ( A-B)  pairs  with  a  thermal 
bath  of  gas  M  towards  full  thermodynamic  equilibrium  that  association  and 
dissociation  are  treated  in  a  unified  way  and  that  general  expressions  for  the 
rates  of  association/dissociation  are  obtained  without  appeal  to  the  quasi¬ 
steady-state  condition1-1®  for  highly  excited  levels  of  the  (A-B)  pair. 

2.  Master  Equation  and  Quasi -Steady-State  Rates 

The  collisional  input-output  Master  Equation^*4*8-1®  that  governs  the 
distribution  n^  (E,- ,t)dE.j  for  the  density  (cm"J)  of  subsystems  AB  with  internal 
energy  E^  in  the  interval  dE-j  about  E^  can  be  written  as,14 

It  W*’  *  \l  5  -  %  VM*  <2-‘> 

where  the  net  two  level  input-output  collisional  rate  of  depletion  of  energy 
level  E^  is 


2 


(2.2) 


Sif(t)  =  ni(Ei,t)vif(E.,Ef)  -  nf(Ef,t)vf.(Ef,Ei)  =  -Sf.(t) 


in  terms  of  v^dEf,  the  frequency  (s_1)  for  i  f  transitions  which  change  the 
energy  E^  to  between  Ef  and  Ef  +  dEf  by  collision  of  the  ( A-B )  pair  with  the 


gas  M.  The  energy  of  the  lowest  bound  level  of  the  AB  pair  is  -D  with  respect 


to  the  dissociation  limit,  taken  as  zero  energy.  The  separation  between  the 


energy  levels  of  AB  is  sufficiently  small  in  comparison  to  the  thermal  energy 


( kT)  of  the  bath  species  M  that  the  levels  form  a  quasi-continuum.  Thus  Ji  in 
(2.1)  is  the  net  upward  current  (in  energy  space)  past  energy  level  E^ .  Since 
J.j  vanishes  as  E^  +  •  and  -0,  it  is  therefore  determined  either  by  the 


integral  expression. 


J  (E  ,t)  *  /  dE.  /  S  (t)dEf 
li  E..  -D  n  T 


I  dEi  /  Sfi(1:)dEf 


(2.3) 


with  the  aid  of  the  null  effect,  =  0,  of  collisions,  or  by  the 


equivalent  expression. 


Ji(Ei,t)  = 


/  dE  /  S  (t)dE  = 
-D  1  -0 


/  dE.  /  S  f(t)dE 
-0  1  E.  1T  T 


(?.4) 


since  the  currents  past  the  end  points  (-D,  «)  vanish. 

Subdivide  the  range  (-D  ->■  »)  of  internal  energy  into  three  blocks14;  the 


continuum  block  C  in  which  the  pairs  (A+B)  are  fully  dissociated,  the 


intermediate  block  E  of  highly  excited  bound  levels  of  (A-B)  between  the 


dissociation  limit  at  zero  energy  and  a  lower  bound  level  -S,  and  the  lowest 


(sink)  block  S  composed  of  tightly  bound  levels  between  -S  and  -D  where  the 


pairs  AB  are  fully  associated.  The  level  -S  is  sufficiently  deep  that  the  net 


'  '  '  '  '  %  ‘ 


3 


probability  of  direct  dissociation  by  collision  with  the  thermal  bath  is 
negligible.  In  practice,  level  -S  arises  quite  naturally  from  the  collisional 
mechanics  via  the  cut-off  effect  of  the  Maxwellian  distribution  of  the  gas 
bath  at  temperature  T  and  generally  lies  ~  10  kT  below  the  dissociation  limit 
(cf .  Fig  3  of  §3) . 

The  net  rate  of  depletion  of  dissociated  species  (A+B)  with  density 
(cm-3), 

00 

nc(t)  «  /  n.(E.,t)dEi  (2.5) 

o 

in  block  C  (0  <  E..  <  ®)  is  simply 

3n  (t)  »  o 

Rc(t)=‘3T  =  -  J(0,t)  =  /  dE.  /  S.f(t)dEf  (2.6) 

o  -D 

the  downward  current  past  the  dissociation  neck.  The  net  rate  of  increase  in 
the  density  (cm-3) 

-S 

n  (t)  =  /  n . (E.  ,t  )dE .  (2.7) 

5  -D 

of  pairs  considered  to  be  fully  associated  in  block  S  with  energy  Ei  in  the 
range,  -S  <  E^  <  -D  is 

3n  (t)  ®  « 

Rs(t)  =  3t~  =  =  /  dEif  /  Sif(t)dEf  (2.8) 

the  net  downward  current  past  level  -S. 

Since  the  system  is  considered  to  be  closed 


0  3n . 

Rc(t)  =  Rs(t)  +  /  (g^JdE.  (2.9) 

A 

Introduce,  as  in  ref.  14,  the  time-independent  probability  P^ (Ei )  that 
(A-B)  pairs  with  energy  E^  are  considered  as  associated,  then  the  overall  rate 
for  association  is 

a  “a  3n  •  o  ,  an. 

RA(t)  -  j  P?(E1)(arL)dE1  -  Rs(t)  ♦  J  P*  <aFL)<JE1  (i.io) 

J\ 

since  is  unity  in  block  S  and  is  zero  in  block  C.  The  overall  rate  for 
dissociation  is  similarly, 

R°(t)  =  1  !>?(£,  H^dE,  =  -  Rc(t)  *  j  P?(^i)dE(  (2.11) 

where  P?(E^),  the  probability  that  (A-B)  pairs  with  energy  Ei  are  considered 
as  dissociated,  is  unity  in  block  C  and  zero  in  block  S. 

In  terms  of  the  one-way  equilibrium  rate 


v 


if 


(2.12) 


where  n1-dEi  is  the  (time  independent)  equilibrium  number  density  of  AB  pairs 
in  the  energy  interval  dE^  about  E^ ,  and  of  the  normalized  distribution. 


Yi(Ei,t)  =  ni(Ei,t)/ni(E.) 


(2.13) 


then  (2.2)  yields 


S1f(t)  =  Cy1 (t)  -  Yf(t)]C.f  =  -Sfi(t)  (2.14) 


5 


with  the  aid  of  detailed  balance  (2.12).  The  Master  Equation  (2.1)  is  then 


3n.  •  3J. 

at"  =  l  [Yf(t)  "  Ti(t)]CifdEf  =  -  yr- 


(2.15) 


-D 


Assume  that  the  energy  distribution  of  pairs  in  the  Continuum  block  c  and 
the  Sink  block  s  is  Maxwellian  i.e. 


Yf(t)  ,  E.  >  0 

Yi(Ei»t)  =  {  Y$(t)  ,  -S  >  E.  >  -[ 


(2.16) 


are  pure  functions  of  time  t  which  tend  to  unity  as  t  ♦ 

The  non-equilibrium  energy  distribution  of  pairs  in  the  intermediate 
block  E  of  excited  levels  is  therefore  separable  in  energy  and  time  according 
to  the  ansatz14. 


Yi(Ei,t)  =  pJ(E.)Yc(t)  +1»f(Ei)Ys(t)  > 


(2.17) 


D  D 

where  P..  is  the  probability  that  state  i  is  coupled  to  the  continuum  i.e. 

A 

is  the  probability  of  dissociation,  and  where  P^  is  the  probability  that  state 

A 

i  is  coupled  to  the  sink  i.e.  P.  is  the  probability  of  association.  Thus 
A  D 

(P.  +  P.)  is  unity  at  all  times  since  y  (t  »)  and  y-(t  ♦  •)  all  tend  to 

11  C  f  S  1 

unity  when  full  thermodynamic  equlibrium  with  the  gas  M  is  established.  Hence 

(2.15)  can  be  conveniently  separated  in  E^  and  t  according  to 


3n.j  (E.  ,t) 

w 


[Yc(t)  -  Ys(t)]  J  (P*  -  P*)C|fdEf 


=  CYc(t)  -  Ys(t)] 


/  (P?  -  P?)C(fdEf 


(2.18a) 
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(2.18b) 


and  the  time-dependent  current  (2.3)  or  (2.4)  separates  as 


J1(Ei,t)  =  CYc(t)  -  ys(t)]ji(Ei)  (2.19) 

where  the  time-independent  fraction  of  the  current  down  the  energy  ladder  is 

-VEi>  ■  j  dEi  _npr  ^>c,fdEf  ■  ,/'dEi  [<p?V>cifdEf 

Hence  *  ’ 

3n.  3j. 

^-Crc(t)  -rs(t)](^) 

2.1  Quasi -steady-state  (QSS)  Rates 

As  has  previously  been  shown**,  the  association/dissociation  rates 
RA,^(t)  achieve  extrema  R*’^(t)  when  the  number  densities  n^  in  block  E  are  in 
quasi -steady-state  (QSS)  i.e.  dn^/at  -  0  in  E.  The  rate  R*  is  a  minimum14 
when  the  net  direction  is  association  (as  in  relaxation  of  a  fully  dissociated 
plasma).  The  minimum  association  rate  in  terms  of  the  effective  two-body 
(constant)  rate  a  (cm^s-1)  for  association  between  A  and  B  with  densities 
Na^U)  at  time  t  and  of  the  frequency  k(s_1)  of  dissociation  of  S-pairs  with 
density  n$(t)  is 

R*(t)  =  «NA(t)NB(t)  -  kn$(t)  =  R$(t)  *  Rc(t)  (2.22) 

which,  by  (2.10),  is  therefore  equal  to  the  rate  Rs(t)  for  production  of 
S-palrs  or  the  rate  Rc(t)  for  loss  of  C-pairs.  Hence  the  required 
coefficient  a  is  determined  from  either 

OD  -S 

o,NA(t)NB(t)Cl-r(t)]  *  /  dEi  /  Sif(t)dEf  =  -J(-S,t) 


(2.20) 

(2.21) 


(2.23a) 


with  the  aid  of  (2.3),  or  from 


aNA(t)NB(t)[l-r(t)]  =  /  dE1  /  Sif(t)dEf  =  -J(0,t) 


(2.23b) 


where  a  measure  of  the  departure  of  the  densities  Ny^g  and  ns  from  their 
corresponding  values  flA  B  and  ns  for  full  thermodynamic  equilibrium  with  the 
gas  M  is  provided  by  the  factor, 


r(t)  =  [WA?IB/NA{t)NB(t)][ns(t)/ns] 


(2.24) 


The  dissociation  frequency  constant  k  in  (2.22)  automatically  satisfies 
the  detailed  balance  relation 


k\ *  “Vb 


(2.25) 


which  satisfies  (2.22)  when  equilibrium  (r  *  1)  is  established  so  that  the  net 
a 

rate  R*(t)  vanishes. 

Under  the  ansatz  (2.17),  (2.23)  and  (2.25)  with  the  aid  of  (2.20)  yield 


the  constants 


aRAFTB  *  [  /  dE.  /  P*  C.fdEf]  =  -  j(0) 
o  -D 


(2.26) 


which  uniquely  identifies  as  the  association  probability,  and 


k\  *  C  .fdE<  i  P?ClfdEf]  *  -  J(-S) 


(2.27) 


which  similarly  identifies  as  the  dissociation  probability.  Under  OSS  for 


. -"V •*,  •“»  • 


V*  V*>  «**•  »**  ,**  »** .*•  »'•  |\**\***  ."*  •  *  ' 


level  Ej  In  block  E,  (2.21)  shows  that 


=  -  j(0)  =  -  ji(Ei)  *  -j(-S)  =  kn$  (2.28) 

so  that  the  constants  o  and  k  are  simply  determined  by  the  current  (2.20)  past 
arbitary  level  E^  in  block  E.  Under  QSS  of  block  E,  the  probabilities  P^ 
in  the  currents  (2.20),  (2.26)  and  (2.27)  must  satisfy  the  integral  equation 

p?’°  l  ctfdEf  ■  ]  p?*DcffdEf  >  <2-29> 

the  QSS-condition,  obtained  from  (2.18)  and  solved  subject  to  the  constraints 
a 

that  P^  is  zero  in  block  C  (0  <  E..  <  »),  and  is  unity  in  block  S 

(-S  >  E^  >  -D).  Also  P?  is  unity  and  zero  in  C  and  S,  respectively. 

It  is  now  the  aim  to  find  simple  analytical  approximate  expressions  for 
A  D 

both  P^’  and  by  converting  in  §3  from  an  integral  representation  as  (2.1) 
or  (2.18)  to  a  differential  representation,  and  then  to  raise  and  resolve  the 
question  (in  §4)  whether  or  not  (2.28)  is  the  correct  expression  which  has 
always  been  assumed3'"®  when  approximate  probabilities  P^,D  are  involved, 
rather  than  the  exact  solutions  of  the  integral  equation  (2.29)  -  the  exact 
QSS  condition  which  yields  (2.28)  exactly. 

3.  Fokker-Planck  Reduction 

The  conversion  of  the  integral  operator  in  (2.18)  into  a  differential 
operator  is  achieved  by  a  Fokker-Planck  analysis3  useful  when  the  collision 
kernel  C.jf  favors  small  energy  changes.  Here  the  current  in  (2.18)  is 
determined  to  fourth-order,  rather  than  to  the  customary  second  order^. 


3.1  Fokker-Planck  Current  to  Fourth-Order  in  Enery-Change  Moments 


On  introduction  of  an  arbitary  but  well-behaved  function  whose 

derivatives  vanish  at  the  end-points  [«,  -D],  then,  with  the  aid  of  (2.18), 


OB  ^  I*!  00  00 

l  *i  it1  dEi  ’  l' idEi  l  <*f  -  ‘t>cifdEf 


(3.1) 


On  expanding  the  difference 


®  1  3  ♦ . 

-  *1  ■  I.  ST  (ErE,)"^ 


(3.2) 


as  a  function  of  energy  change  (E^-E^),  assumed  small,  and  upon  integration  by 
parts  under  the  explicit  recognition  that  (3%./#e")  +•  0  for  n  >  1  as 
[«,  -D],  then  (3.1)  can  be  expressed  as 


•  an.  co  aJ 

.[  *1  ar  dEi  ■  J  »1  aI7  dEi 


(3.3) 


to  give  the  following  expression  for  the  current, 


J,(E,.t)  =  I  (-1) 
1  1  n=0 


an(y.o.(n+1)) 

n  VIi  i  ' 


(3.4) 


where  the  energy  change  moments^-4  of  the  collision  kernel  for  one-way 
(1  ♦  f)  equilibrium  collision  rates  (2.2)  are 


D!m,(Ef)  =  hr  1  (E«  -  EjmC^dE* 


(3.5) 


Evaluation  of  these  moments  can  be  facilitated  by  adopting  the 
expressions  for  C-jf  which  corresponds  to  various  A-M  and  B-M  binary 
Interactions  (symmetrical  resonance  charge-transfer®-1®,  hard-sphere*®, 
polarization15,  coulombic14)  which  are  presented  in  universal  form  in  Appendix  B 
of  ref.  14.  These  moments  are  normalized14  to  the  quantity  (-l)mray(kT)m~1 
where  aT  is  the  Thomson  rate14,  where  ris  a  mass  factor14  which  depends  on  the 
interaction  Involved  (see  Appendix  B,  ref.  14),  and  where  T  is  the  temperature 
of  the  gas  bath. 

The  frequency  of  all  collisions  for  an  equilibrium  distribution  of  E^- 

pairs  is  d|0^;  and  2d|2^/D^  are  respectively  the  averaged  energy- 

2 

change  <&E>  and  the  average  energy  change  squared  <aE1->  per  collision  with 

the  gas.  Figs.  l(a,b)  illustrate  the  general  trend  of  these  moments 

calculated  here  for  the  specific  case®*1®  where  internal -energy  changes  in  an 

ion  pair  (X+-X-)  are  due  to  symmetrical  resonance  charge-transfer  (X+-X) 

collisions.  In  this  case,  the  velocity  vectors  of  the  (fast)  ion  X+  and  the 

(thermal)  neutral  X  are  Interchanged.  Large  transfers  of  energy  are  therefore 

(21 

involved,  as  is  confirmed  by  01  ,  the  averaged  energy-change  squared 

2 

<aE^>  per  second  shown  in  Fig.  1(a).  This  case  will  therefore  provide  a  most 

stringent  test  for  the  weak-collislon  (diffusion)  procedures  studied  here. 

As  the  binding  X  *  -E^/kT,  in  units  of  the  thermal  energy  kT  of  the  gas, 

Increases  from  the  dissociation  limit  (at  zero),  the  equilibrium  number1® 

-5/2 

(~  X  exp  xdx)  of  levels  in  the  range  dx  about  X  decreases  from  a  large 
value,  reaches  a  minimum  at  X*  *  2.5  and  then  Increases  exponentially.  Since 
the  energy  change  frequency  for  each  pair  decreases  rapidly  with  increase 
of  binding,  the  overall  shapes  of  the  equilibrium  moments  Djm^  In  Figs.  la,b 
can  therefore  be  explained.  Note  that  the  equilibrium  colli  si onal  frequency 
is  relatively  constant  in  the  range  (1.8-4)  kT  of  binding.  Also  the 


frequency  of  energy-change  is  negative  for  binding  energies 

X  *  (-E^/kT)  <  1.4  »  x*  ,  i.e.  these  pairs  become  less  tightly  bound  upon 

collision  and  pairs  with  binding  x  >  1.4  kT  become  more  tightly  bound  upon 

collision  (when  >  0).  This  critical  binding  energy  specifies  the 

location  at  X*  of  a  bottleneck,  which  separates  the  region  x  <  x*  where 

excitation  dominates  from  the  region  X  >  X*  where  de-excitation  is  prevalent. 

Note  also  that  the  even  moments  display  minima  which  become  sharper  with 

(2) 

increase  of  m,  as  expected,  and  that  the  minimum  in  Di  '  coincides  with  the 

zero  of  d|^  at  X*,  as  clearly  shown  in  Fig.  lb.  As  we  go  deeper  into  the 

well,  Dj/Dq*  the  averaged  energy-change  per  collision  and  avera9ed 

energy-change  squared  per  collision  tend  to  increase  linearly  with  energy 

depth  (Fig.  lb).  These  features  are  quite  general  for  the  various  ion-neutral 

interactions  and  can  be  exploited  here. 

Figs.  (2a, b)  illustrate  the  variation  of  inverses  of  the  even  moments 

oj^  and  oj^  for  different  interactions*4  of  A  and  B  with  M  (charge-transfer 

(2) 

CX,  hard-spahere  HS,  and  polarization  POL).  The  bottleneck  to  D)  occurs 
roughly  in  the  same  location  (~  1.25  kT)  for  all  the  interactions,  and  the 
energy-change  squared  per  sec  is  greatest  for  the  charge-transfer  interaction 
and  weakest  for  the  polarization  attraction,  as  expected.  The 

(4) 

moment  Di  '  exhibits  similar  but  more  amplified  behavior. 

Since  is  symmetrical  in  i  and  f  -  the  detailed-balance  relation 
(2.12)  -  then  C^,  when  expressed  as  a  function  of  the  energy-mean 
E  “  \  ( Ef  +  Ei )  and  the  energy-change  A  =  E^-E^ ,  is  such  that^  = 

Cjf  (E,|a|).  On  expanding  about  Ej  in  terms  of  the  expansion  parameter 
A,  which  is  assumed  small,  then 


C,.(E  -  E,  +i  4,  lil)  •  l  ~t  (4)n( — r) 


(3.6) 


where  is  C^(E  *  Ei ,  |a|).  The  moments  (3.5)  are  therefore  determined 


from. 


m!0<m)(E1)  - 


odd  „  .  s"Fjm+n) 

I  (2  n!)  - - - ]  ;  m  odd, 

n*l,3,5,  3E? 


(3.7a) 


even  n  .  3nF<m+n> 

l  (2nn!)  1  [ - - - ]  ;  m  even, 

n*0,2,4,  3E? 


(3.7b) 


which  involves  only  the  terms 


Fi  (Ei}  =  /  ASCi(Ei,|A|)dEf 


(3.8) 


with  s-even,  since  -D  is  effectively  Infinite  (~  5  eV)  for  the  excited  states 
i  in  the  range  0  >  E^  >  (10-20)kT  of  interest  (cf.  Fig.  3a,  below). 

In  equilibrium,  in  (3.4)  is  unity  and  the  current  can  then  be 
expressed,  with  the  aid  of  (3.7),  as 


3nD. (n+1)  even  even 

vn r  *  t  _  r  r 


3,  *  I  (-l)n[ - - - ]  =  l  l  (n-2j)CZj+1(n+2)!(j+l)!]- 

n=0  3EV  n=0,2,  j=0,2 


3j+n+lF(j+n+2) 


(3.9) 


This  new  form  clearly  shows  that  the  coefficient  of  its  first  term 


3Fj  ,  which  arises  from  the  leading  term  of  the  expansion  (3.7)  for  both 
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d|^  and  aoj^/aE^,  is  Identically  zero.  The  coefficient  of  the  second  term 
33f|4^/3E3,  which  is  the  net  balance  of  the  second  term  in  the  expansion  (3.7) 
for  both  and  3oj2^/3E.  and  of  the  leading  term  in  the  expansion  (3.7)  for 
both  32o|3^/3E2  and  33d|4)/3E3,  is  also  zero.  The  leading  non-vanishing 
contribution  to  (3.9)  is  [-  3SF^6^ /3Ef ]  which  is  the  net  balance  of  the 

third  terms  in  the  expansion  (3.7)  for  both  d|^  and  3d|^/3Ej  and  of  the 

2  (31  2  3  (4)  4 

second  terms  in  the  expansion  (3.7)  for  both  3  D)  V3E^  and  3  Dj  ;/3E^  . 

4  (51  4  5  (61  5 

The  consistent  neglect  of  3  Di  '/3E^  ~  3  F)  VsE^  and  higher-order  derivatives 
demands  both  the  neglect  in  (3.4)  of  terms  with  n  >  4  and  the  neglect  in 
(3.7a)  and  (3.7b)  of  terms  with  n  >  5  and  n  >  4,  respectively.  Hence,  the 
equilibrium  current 

3^  d|1}  -  3oj2)/3Ei  +  32Dj3)/3E2  -  3d{4)/3E3  =  0  (3.10) 


is  exact  to  fourth-order  in  the  moments  and  is  identically  zero! 
Relationships  between  even  and  odd  moments  can  be  obtained  from  (3.7)  by 
neglecting  f|6^  and  higher  terms,  i.e.  d!5^  and  higher  moments,  to  give 


D 


0 


which  also  ensure  zero  equilibrium  current.  In  view  of  (3.11)  note  that 
equilibrium  (3.j  =  0)  is  obtained  only  when  the  current  (3.4)  is  expanded  to 
even  order. 

With  the  aid  of  (3.10),  the  non-equilibrium  current  (3.4)  to  fourth  order 
in  moments  ojm^  is 
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,0<3) 

-  o<2>-  2  4- 


31  A(4)  H,  (3)  30'4)32,t 

r + 3  * CD-  • 3 


-  °!4)tr) 


(3.12) 


which  Is  the  differential  representation  (up  to  and  including  the  fourth-order 
f4) 

moment  ')  of  the  double  integral 


J1(E1,t)  -  /  dEi  /  [Yf(t)  -  Yi(t)]C.fdEf 


(3.13) 


for  the  exact  current  (2.3).  The  differential  form  (3.12)  can  be  called  the 
Fokker-Planck  current  to  fourth-order  since  the  general  Fokker-Planck 
expansion  can  be  employed  for  any  variable  whose  changes  are  small  in 
comparison  with  averaged  characteristic  values  e.g.  the  collisional  energy 
change  A  here  is  assumed  small  relative  to  the  thermal  energy  kT  of  the  gas 
bath.  Changes  in  vector  momentum  £  are  in  general  very  large  here  so  that  the 
usual  Fokker-Planck  analysis1  in  vector  £-space  would  not  be  valid. 

Upon  use  of  the  approximations  (3.11),  which  are  internally  consistent  to 

(4) 

neglect  of  moments  higher  than  Dl  ,  (3.12)  reduces  to 

»2q(4)  «  .2  .3 

=  _  rn(2) _ i _ -ir _ 1>  _  1  n(3)r _ Li  _  n(^)r _ U  /•*  1A\ 


i;  ;(Ei,t)  =  -  [oj- 


— r~](ar)  -  i  d  U-T-)  -  o|4,(-r)  (3.14) 
3E^  3ti  £  1  3E*  1  3EJ 


Inserting  the  ansatz  (2.17)  in  (3.12),  then  (2.15)  with  (3.12)  yields 


3ME,,t)  3 J i  (EJ 

JC  ■  -  af7 


(3.15) 


where  in  terms  of  the  probability  PV  for  dissociation,  the  time  independent 
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current  to  fourth-order  is. 


32o<4> 


Ji<<)<ei)  -  -  [d!2)  - 2  ~wr* 


,,,  50  5“Pr  ,,,  3  Pj 

+  [oj3)  -  3 -jf-  K—J1)  -  D{4  (T33-)  +  ••• 


(3.16) 


For  quasi -steady-state  (QSS)  in  block  ,  j  j  is  constant.  When  third- 
order  and  higher  derivatives  of  P1?,  are  ignored,  a  straightforward  exercise  in 
the  solution  of  the  resulting  second-order  differential  equation  can  be 
performed  to  provide  analytical  expressions  for  P?,  if  required. 

3.2  Diffusion  Equation  and  Current 

(3) 

On  ignoring  in  (3.16)  moments  '  and  higher,  the  (diffusional )  current 


j  (E  ,  .  .  d<2>  .  „(2)  !!± 

Jd'ki '  ui  3E.  i  3E. 


(3.17) 


so  that  (3.15)  reduces  to 


3n.(E.  ,t) 
H1  * 


-  T,(t)]  £  C0<2>  J-] 


(3.18) 


which  is  a  diffusion  equation  in  energy  space.  The  frequency  at  which 
the  averaged  energy-transferred  squared  changes  under  thermodynamic 
equilibrium  conditions  is  the  diffusion  coefficient  (energy^s"*)  in  energy 
space.  This  kind  of  streaming  equation  has  been  previously  derived  via  other 
techniques  by  Pitaevskii^  for  electron-ion  recombination  under  highly  non¬ 
equilibrium  conditions  when  y  »  y  so  that  y.  *  P?y  in  (2.20),  and  by  Keck 

e  5  ilC 

and  Carrier*-  for  heavy-particle  association/dissociation.  It  has  been  studied 


by  Landon  and  Keck"*,  by  Mahan^  and  by  Bates  and  Zundi®  for  highly  non- 
equilibrium  (y  >>  y  )  ion-ion  recombination.  By  explicitly  including  here 
the  factor  (y  -  yc)  via  the  ansatz  (2.17),  eqs.  (3.15)  and  (3.18)  for 

U  3 

all  y  help  to  emphasize  the  complete  evolution  towards  thermodynamic 

C  9  S 

equilibrium  attained  when  yc  *►  y$  ♦  1. 

Another  advantage  of  the  ansatz  (2.17)  is  that  the  intermediate  block 
of  highly  excited  levels  can  be  taken  to  be  in  quasi-steady-state  (QSS)  i.e. 
3n../3t  «  0  in  either  (2.18)  or  (3.18)  for  all  times.  The  QSS-di ffusional 
curent  (3.17)  is  constant  over  E.  so  that  the  solution  of  (3.17)  subject  to 
condition 

Pj(-S)  =  0,  P^(-S)  =  1  (3.19) 

is 

Ei 

Pd(Ei}  =  *  Jd  C  /  dE/D(2)(E)]  =  1  -  PJ(E.)  (3.20) 

— S 

where  the  subscript  d  denotes  quantities  associated  with  the  diffusion 
equation  (3.18).  Various  levels  of  approximate  schemes  readily  follow. 

(A)  Since 

Pj(0)  =  1,  P*(0)  =  1  (3.21) 

then  (3.20)  yields 

-j*,P)  =  C  /  dE/D(2)(E)]  =  opFfANB  (3.22) 

for  the  downward  diffusional  current  which,  when  compared  with  (2.28)  provides 
the  recombination  rate  ap  of  Pitaevskii*  used  for  ion-ion  recombination  by 


Landon  and  Keck3  and  by  Mahan.5  Note  that  the  current  (3.22)  is  proportional 

to  the  area  under  the  curves  in  Fig.  2a,  and  that  the  association  and 
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dissociation  probabilities  P. ’  at  energy  E^  are  proportional  to  the  areas 
which  correspond  to  the  energy-ranges  (0  -►  E . )  and  (E^  +  -S)  respectively. 

(B)  Rather  than  requiring  (3.21),  jd  in  (3.20)  can  be  fixed  by  inserting 
(3.20)  into  (2.26)  for  j (0)  to  give 


-J(°)  "  j  cfdEf  +  3d  j  dEfcf[J  dV°i  ] 


(3.23) 


where 


Cf(Ef)  =  /  Cjf(E1 ,Ef )dEf 
0 


(3.24) 


is  the  total  one-way  equilibrium  rate  for  colli  si onal  population  of  a  bound 
level  Ef  from  the  continuum  C.  On  equating  the  exact  current  j ( 0)  in  (3.23) 
with  the  diffusional  current  jd,  then 

-jj,10  -  C  J  CfdEf]{l  +  /  dEfCf[  /dE/O^^E)]}*1  =  (3.25) 


which  yields  the  expression  of  Keck^  for  a^.  The  term  in  braces,  {— }" 
is  simply  the  ratio  of  the  downward  diffusional  current  to  the  one-way 
equilibrium  current  across  the  dissociation  neck. 

(C)  Another  possibility  in  similar  vein  to  (B)  is  to  insert  (3.20)  into 
(2.27)  for  j ( -S)  to  give 


jd(-S)  =  [  /  DfdEf]{l  +  /  dEfDf[  /fdE/D(2)  (E)]}"1  =  a  yfg  (3.27) 
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where 


W  '  _/cif<Ei-Ef>dEi 


(3.28) 


is  the  total  one  way  equilibrium  rate  for  collisional  excitation  out  of 
block  S  to  any  level  f  in  blocks  E  and  C.  The  term  in  braces,  {-}"1  is  simply 
the  ratio  of  the  upward  diffusional  current  across  -S  to  the  one-way 
equilibrium  current  across  -S. 

The  feature  common  to  all  the  above  procedures  (A)-(C)  is  that  the 

required  current  (3.17)  depends  on  the  accuracy  of  the  gradient  (dpP/dE^ ) 

which,  due  to  the  neglect  of  higher  derivatives  in  (3.16),  is  described  by  the 

diffusion  equation  (3.18)  less  precisely  than  are  the  actual  diffusion  QSS- 

solutions  i.e.  (3.18)  may  furnish  accurate  P?  but  relatively  inaccurate 

derivatives.  More  importantly  however  is  that  (2.28),  which  is  valid  only 

under  exact  QSS-condition  (2.29)  of  the  exact  Master  Equation,  (2.1)  or 

(P) 

(2.18),  has  been  invoked  for  the  diffusional  currents  '  of  (3.22)  and 
of  (3.23)  which  result  from  the  QSS-condition  of  the  different  Master 
(diffusional)  Equation  (3.18). 

The  QSS-solution  of  (3.18)  subject  to  constraints  (3.19)  and  (3.21)  is 


Pj(E.)  =  {  /  dE/D(2)(E)}{  /°dE/D(2)(E)}"1 

U  I  r  c 


(3.29) 


for  the  probability  that  any  level  E^  in  block  E,  once  accessed  by  collision, 
has  "associative"  character.  The  probability  that  level  E^  has  "dissociative" 
character  is  the  complementary  function 


P°AZ.)  =  {  /  dE/D(2)(E)}{  /  dE/D(2)  (E)}"1 
-S  -S 


(3.30) 
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Thus  both  functions  are  constrained  to  vary  monotonically  between  zero 
and  unity  as  does  the  exact  numerical  solution  to  the  integral  equation  (2.29) 


so  that,  when  compared  with  the  exact  numerical  values,  will  involve  less 
error  than  their  corresponding  derivatives 


3P 


A,D 


8Ei 


=  + 


lOp’fE,))' 


Up), 00 

Jd 


(3.31) 


appropriate  to  currents  (3.22)  and  (3.25)  in  schemes  (A)  and  (B)  above. 
3.3  Calculations 

The  ion-ion  (termolecular)  recombination  process 


X+  +  Y“  +  M  -*■  XY  +  M 


(3.32) 


+- 

is  taken  as  a  benchmark  case.  The  recombination  coefficient  a  has  previously 

been  represented9,16  very  accurately  by  the  sum  •;£ 


a  =  aj  +  ag  (3.33) 

of  coefficients  o^.  obtained  by  considering  separate  contributions  from  (X+  -Z) 
and  (Y~-Z)  binary  collisions  (i  *  1  and  2,  respectively).  The  exact  numerical 
rates  are  obtained  from  (2.28)  by  inserting  the  exact  numerical  solution  of 
the  integral  equation  (2.29),  the  QSS-condition  into  (2.20)  for  the  current 
j^(E^).  The  rates  have  been  tabulated9,1®’16  as  a  function  of  the  mass- 
ratio  parameter. 


ai  *  MJ.M3/Mi(M1  +  M2  +  M3) 


(3.34) 


r»l 


where  are  the  masses  of  species  X+,  Y"  and  M,  i  *  1,2  and  3  respectively 
and  where  the  set  (i,j)  is  equal  to  (1,2)  or  (2,1)  depending  (1-3)  or  (2-3) 
collisions,  respectively. 

Based  on  previous  analysis®-*®,  universal  expressions  have  been  presented 
in  Appendix  B  of  ref  14  for  the  equilibrium  rate  appropriate  to  the  three 
classes  -  polarization15,  charge-transfer8*10  and  hard-sphere10  -  of  ion- 
neutral  interactions,  calculations  have  been  performed  here  for  the  exact  QSS- 
rates  that  rise  from  (1-3)  collisions  and  for  the  corresponding  diffusional 
rates,  (3.22)  for  ap  and  (3.25)  for  of  Pitaevskii1  and  Keck^  respectively. 
The  exact  rates  <*E  reproduce  the  previous  calculations10*15,  and  there  is 
little  discernable  difference  between  ap  and  which  now  be  simply  called  the 
diffusional  rates  aQ  obtained  when  the  diffusional  current  (3.17)  is  inserted 
in  (2.28). 

Table  I  provides  present  values  of  the  ratio  aD/o£  for  the  various 

interactions  over  the  full  range  of  mass  parameter  a,  eq.  (3.34)  with  i=l  and 
-3 

2.  Small  a  »  10  corresponds  to  collisional  recombination  of  heavy  ions 

(Mj  *  »  M3)  in  a  much  lighter  (electron)  gas,  intermediate  a(  =  1/3  for 

Mj  =  M2  =  M3)  corresponds  to  species  of  equal  mass,  and  large  a  «  103  for 
Mj  <<  M2  -  M3  corresponds  to  electron-ion  recombination  in  an  ambient  gas. 

The  cases  of  small  and  large  a  involve  energy  transfers  which  are  very  much 
less  than  the  energy  kT  of  the  gas  so  that  the  diffusional  (weak  collision) 
approach  is  likely  to  be  valid. 

As  Table  I  shows,  the  diffusional  rates  are  reliable,  as  expected,  only 
for  recombination  in  a  vanishingly  light  gas  (a  ■  10"3)  or  for  electron-ion 
recombination  (a  *  103)  in  a  general  gas,  the  case  for  which  Pitaevskii1 
designed  his  diffusional  treatment.  The  diffusional  rates  are  higher  by 


between  a  factor  of  3-6  for  intermediate  a  ~  1.  As  the  ion-neutral 
interaction  varies  from  polarization  attraction,  to  hard-sphere  repulsion  and 
to  charge-transfer  interaction,  the  energy-change  in  the  ion-neutral  collision 
becomes  progressively  larger  (see  Fig.  2a, b)  so  that  the  dlffusional  rates 
(based  on  weak  collisions)  become  less  accurate,  as  shown  directly  by  the 
variation  of  entries  in  Table  1  for  a  specified  mass  parameter  a. 

Since  (3.17)  predicts  zero  current  in  both  the  fully  dissociated  and 
fully  associated  blocks,  C  and  S  respectively,  the  diffuslonal  current  (3.17) 
is  therefore  discontinuous,  zero  in  C,  jd  in  E  and  zero  in  S.  The  diffusion 
rates  (3.22)  of  Pitaevskli  and  (3.25)  of  Keck  are  therefore  expected  to  be 
valid  only  in  the  limit  of  vanishingly  small  rates  o  of  association.  This  is 
true  only  for  the  limiting  cases  in  Table  1  of  small  and  large  a.  Then  the 
actual  rates  a£  for  electron-ion  collisional  recombination  in  a  gas  and  for 
electron-ion  recombination  in  a  gas  are7  ~  10"9  cm3  s_1  at  STP,  which  are 
three  orders  of  magnitude  less  that  the  rate17  a£  ~  10"6cm3s_1  at  STP  for  ion- 
ion  recombination  in  an  equal  mass  gas. 

Another  reason  for  failure  of  the  diffusion  approach  as  previously 
applied  to  general-mass  cases  is  also  apparent.  As  Figs.  3(a,b)  show,  the 
diffusion  equation  (3.18)  in  general  furnishes  fairly  accurate  probabilities 
P^’D,  (3.29)  and  (3.30),  but  less  reliable  gradients  dP^’D/dE^. 

In  an  effort  to  distinguish  between  the  requirements  of  accurate 
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distributions  P^ *  and  the  integral/differential  forms  of  the  collision 
integral  of  the  Master  Equation,  assume  that  the  Intermediate  block  E  between 
blocks  C  and  S  is  absent  i.e. 


P1  <E1>  = 


1,  -E  <  E.  < 


0.  -0  <  E,  <  -E 


(3.35) 


where  -E  Is  some  bound  energy  level.  The  current  (2.25)  then  reduces  to 

-Jbn(-E)  "  j  OE,  f  C1fdEf  •  «B„{E)FTARrB  (3.36) 

which  Is  the  one-way  equilibrium  downward  current  across  level  -E.  As  -E  is 
varied,  this  current  achieves  a  minimum*®  at  energy  -E*  (»  -2kT)  which 
therefore  acts  as  a  "bottleneck"13  to  the  recombination  which  proceeds  at  rate 
agN(E*).  The  ratio  of  «BN  at  the  bottleneck  E*  to  the  exact  numerical  rate 
aE  is  displayed  in  Table  I  for  the  "intermediate"  hard-sphere  case1®.  The 
bottleneck  method  fails  quite  markedly  for  small  and  large  mass  parameters  a, 
where  by  contrast  the  diffusion  current  is  successful,  and  becomes  much  more 
reliable  than  the  diffusion  approach  at  intemediate  a  (-  1).  Since  (3.36) 
assumes  the  least  possible  knowledge  of  the  probabilities  P. ’  (subject  to  the 
constraints)  but  an  integral  form  to  the  input-output  collision  dynamics,  it 
follows  that  accurate  distributions  are  essential  at  small  and  large  a  where 
the  collision  dynamics  is  weak,  so  that  the  discontinuous  integral  form  (2.25) 
does  reduce  indeed  to  the  continuous  streaming  form  (3.17).  For  intermediate 
a  when  the  energy-changes  are  certainly  not  weak,  inclusion  of  the  integral 
form  (2.25)  is  apparently  more  important  than  the  use  of  accurate 
distributions  (which  are  constrained  to  vary  between  unity  and  zero  at  the 
boundaries  of  block  E). 

The  closeness  exhibited  in  Fig.  3(a)  between  the  diffusional 
probabilities,  (3.29)  and  (3.30),  and  the  exact  numerical  probabilities  may  be 
exploited  in  two  ways.  First,  an  interative  procedure 

P(n+1)(Ei)  /  C1fdEf  «  /  P(n)(Ef)CifdEf  (3.37) 
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to  the  solution  of  the  Integral  equation  (2.29)  can  be  developed  by  using  the 
dlffuslonal  analytical  probabilities  as  the  starting  (n=0)  solution.  It  Is 
found  here  that  convergence  to  within  1%  of  the  exact  solution  can  be  in 
general  achieved  after  five  Iterations,  so  that  accurate  rates  can  then  be 
determined  from  (2.28)  and  (2.20)  since  the  QSS-condition  (2.29)  is  satisfied. 

Since  the  diffusional  probabilities  (3.29)  and  (3.30)  are  reasonably 
accurate,  a  second  possibility  Is  to  insert  them  directly  into  (2.20)  to  yield 
the  rate  a  from  (2.28).  This  procedure,  at  first  sight  attractive,  is  however 
inconsistent,  in  that  the  diffusional  probabilities  while  satisfying  quasi¬ 
steady-state  (QSS)  of  the  diffusional  equation  (3.18)  In  block  E,  do  not 
satisfy  the  condition  (2.29)  for  QSS  of  the  Master  Equation  (2.18).  The 
resulting  current  (2.20)  will  therefore  not  be  a  constant  in  block  E.  This  is 
demonstrated  by  Fig.  4  which  compares  the  exact  downward  current  -jE(E.|)  past 
level  Ej  obtained  from  the  solution  of  (2.29)  in  (2.20)  with  the  approximate 
downward  current  -jA(E.j)  obtained  by  inserting  (3.29)  in  (2.20).  Not  only  is 
the  approximate  current  past  the  bound  levels  far  from  being  constant,  but 
assignment  of  a  bound  level  E^  for  determination  of  a  from  (2.28)  is 
uncertain.  Moreover  the  current  exhibits  a  very  rapid  variation  in  the 
neighborhood  of  the  dissociation  limit  (at  zero  energy)  that  use  of  j(0)  in 
(2.28)  cannot  be  recommended.  The  exact  value  of  j(0)  is  ~  50%  higher  than 
the  approximate  j(0).  Some  defense  can  be  made  by  adopting  the  value  of  jA  at 
the  bottleneck  energy  of  ~  2  kT  to  (3.36).  Then  «  j^,  but  the  foundation 
Is  not  firm. 

The  basic  reason  for  the  Inconsistency  of  this  second  approach  for  jA  is 
not  that  the  diffusional  probabilities  are  not  sufficiently  accurate  for 
useful  application  but  that  the  current  expression  (2.28)  for  the  association 


£ 
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rate  Is  not  valid  when  approximate  probabilities,  which  do  not  satisfy  the 
QSS-condltion  (2.29)  to  the  exact  Master  Equation,  are  used.  This  dilemma  is 
resolved  in  the  following  section. 

4.  Basic  Expression  for  Rates  and  Results 

The  expression  (2.9)  for  the  time-dependent  association  (recombination) 
rate  RA(t)  is  exact,  while  expressions  for  a  in  §2.1  hold  only  for  QSS 
(3n^/3t  =  0)  of  the  Master  Equation  (2.18)  for  block  E.  With  the  aid  of  (2.1) 
in  (2.9),  the  rate 


RA(t)  =  /  pfdEi  /Sf.(t)dEf 
-D  -D 


(4.1) 


where  is  given  by  (2.2)  is  also  exact.  Under  the  basic  ansatz  (2.17), 
then 


RA(t)  *  Cyc(t)  -  Ys(t)]  J  PAdEi  f  (pf  -  PA)C1fdEf 


|[Yc(t)  -Y,(tn  jdE,  j  (P?  -  P?)2cjfdEf 


-  °  *  kns(t) 

with  the  result  that  the  time-independent  rate  constant  o  (cm^s-^)  of 
association  is  determined  by 


(4.2a) 

(4.2b) 

(4.3) 


■V»  ■  J  "fdEi  ./  <p?  *  pf>cifdEr 


(4.4) 


When  the  exact  QSS  condition  (2.29)  is  satisfied  by  the  probabilities 


,A,D 


Pj *  ,  then  (4.4)  reduces  to  (2.28)  with  (2.20)  for  the  current  j^.  When 
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P.j*  are  determined  via  an  approximate  procedure,  as  by  the  diffusional 

treatment  of  §3.2,  then  (4.4)  remains  the  appropriate  expression  for  the 

rate  o.  The  QSS-condltion  (2.29)  corresponds  to  a  minim im14  in  a  and  hence 
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any  approximate  *  will  yield  higher  rates  o  (cf.  Table  1). 

An  alternative  exact  expression  which  emphasizes  the  role  of  the  current 
is  obtained  by  using  (2.1)  and  by  integrating  (2.10)  and  (2.11)  by  parts  to 
give 

RA»D(t)  ■  -  /  PA‘D(E.)(^i)dE1  =  /  J1(E.,t)(3PA’D/3Ei)d£i  (4.5) 
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since  vanishes  at  the  end  points  and  since  P^  *  are  both  constants  in 
blocks  C  and  S.  It  is  only  when  ,  given  exactly  by  (2.3)  or  (2.4)  is 
constant-in-energy  (QSS)  over  block  E  that  it  can  be  taken  outside  the 
integral  sign  to  give  the  minimum 

R*(t)  =  R°(t)  =  CYc(t)]-Y(t)]Ji(Ei)  (4.6) 

in  terms  of  (2.20)  for  and  of  P^  determined  from  the  QSS-condition 
(2.29).  Otherwise,  the  exact  expression  (4.5)  is  used. 

The  exact  rates  obtained  in  §3.3  for  the  various  ion-neutral 
interactions  are  normalized  (cf  ref.  10  and  Appendix  B,  ref  14)  to  the 
corresponding  Thomson  rate^ 

(Re/8)3(3kT/M12)1/2a0N  ,  6*3/2  (4.7) 

where  Rg  is  the  natural  unit  (e2/kT)  for  Coulombic  attraction  between  the  ions 
1  and  2.  The  integral  cross  section  a  for  (1-3)  elastic  collisions  at 


relative  energy  (-|  kT)  is  taken  in  (4.5)  to  be  2Q*,  2ir(pRg/3)^  and 
respectively  for  symmetrical  resonance  charge-transfer  collisions**  with  cross 
section  Q*,  for  polarization  (orbiting)  collisions  in  terms  of  the 
polarizability  p  of  the  gas  M,  and  for  hard-sphere  collisions  with  cross 

U 

section  aQ  .  Universal  expressions  for  the  normalized  ratios  (ag/aT)  have 
already  been  presented**  in  a  form  suitable  for  direct  computation. 

Approximate  rates  a ^  can  now  be  determined  by  inserting  the  diffusional 
(approximate)  probabilities  (3.29)  in  (4.4).  Fig.  5  displays  a  comparison  of 
the  corresponding  ratios 

RT  «  (Mj/M^Ma/^)  (4.8) 

where  o  is  taken  as  the  exact  rate  oig  or  the  approximate  rate  a which  arises 
from  (1-3)  collisions. 

Excellent  agreement  is  obtained  over  the  full  range  of  the  mass  parameter 
a,  eq  (3.34)  with  i  =  1  and  j  =2  i.e.  from  a  »  10"^  for  association  of  heavy 
ions  in  a  light  (electron)  gas,  to  intermediate  a  -  1/3  for  equal  mass  species 
and  up  to  large  a  -  10^  which  corresponds  to  electron-recombination  in  a  gas. 
As  expected,  greatest  departures  occur  for  the  case  of  equal  masses  which 
Involves  the  largest  energy  transfer  so  that  the  diffusional  probabilities 
would  also  show  their  greatest  departure  from  the  exact  probabilities  as  in 
Fig.  3a.  For  this  case  (a  =  1/3),  the  diffusional  result  corresponding  to 
hard-sphere  collisions  which  in  turn  involve  largest  energy-transfers  (cf. 

Fig.  2)  exhibit  the  largest  of  small  departures.  The  present  diffusional 
treatment  is  also  excellent  for  all  of  the  various  classes  of  (1-3) 
interaction  considered. 


5.  Summary 

On  introduction  of  probabilities  )  that  pairs  (A-B)  with  internal 

energy  E.j  will  tend  to  associate  and  dissociate  in  a  thermal  bath  of  gas  M, 

and  upon  use  of  the  ansatz  (2.17)  for  their  normalized  energy  distribution 

Y^(t)  at  time  t,  the  basic  Master  Equation  (2.1)  and  current  (2.3)  has  been 

transformed  into  corresponding  equations  (2.18)  and  (2.19)  which  are  separable 

in  E^  and  t.  The  diffusional  equation  (3.18),  which  is  a  derived 

approximation  to  the  Master  Equation  (2.18),  yields,  for  general  systems, 
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accurate  probabilities  P..  *  (cf  Fig  3)  but  very  inaccurate  currents  (3.22)  or 

(3.25),  cf  Table  1.  Since  previous  expressions  for  association 

(recombination)  rates  a  rely  on  a  Quasi -Steady-State  Condition  (QSS)  of  (2.29) 

to  the  original  Master  Equation  (2.18),  they  were  therefore  based  on  the 

currents  (2.20),  (2.26)  and  (2.27)  via  eq  (2.28).  Since  the  diffusional 

probabilities  do  not  satisfy  this  original  QSS-condition,  the  corresponding 

diffusional  current  is,  in  general,  not  appropriate  for  determination  of  the 

rates  a.  The  resulting  diffusional  rates  (3.22),  or  (3.25),  are  therefore  not 

reliable^  (Table  1),  except  for  those  cases  in  which  the  current  is 

relatively  small  i.e.  for  collision  electron-ion  recombination1  in  a  gas  and 

for  ion-ion  recombination  in  a  vanishingly  light  gas. 

A  new  expression  (4.2),  derived  for  the  rates,  is  the  correct  and  more 

basic  expression  for  use  under  general  conditions,  as  when  QSS  is  not 

satisfied.  When  QSS  is  satisfied,  (4.2)  reduces  to  (2.28)  based  on  the 

current  (2.20)  and  the  QSS-rates  are  minimum.1**  The  rate  (4.2)  is  required 

for  use  of  approximate  probabilities,  such  as  those  (3.29)  provided  either  by 

the  diffusional  treatment,  as  here,  or  by  simple  analytical  variational 
A  D 

functions  for  *  ,  which  do  not  satisfy  the  basic  QSS-condition  (2.29). 
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The  diffusional  probabilities  can  be  used  in  an  iterative  solution  of 


(2.29)  to  give  highly  accurate  probabilities  (to  within  1%)  after  a  few 

iterations  and  hence  accurate  rates  (2.28).  They  can  also  be  used  in  the 

basic  formula  (4.2)  to  yield  excellent  agreement  with  the  exact  numerical  QSS- 

results  for  various  classes  of  ion-neutral  interactions  over  the  full  range  of 

mass  parameters  for  general  systems. 

In  conclusion,  application  of  the  diffusional  equation  (3.18)  to  general 

A  D 

systems  is  an  accurate  procedure  provided  the  solutions  *  are  inserted  in 
the  appropriate  and  more  basic  expression  (4.2)  for  the  rate,  rather  than  into 
the  derived  expressions  (3.17)  or  (2.20)  for  the  diffusional  or  exact 
currents,  which  only  follow  from  the  QSS-condition  (2.29)  to  the  exact  input- 
output  Master  Equation  (2.18). 
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Table  1:  Variation  of  the  ratio  (og/a^)  and  (aBN/“E)  with  mass-ratio 
parameter  a  for  (1-3)  collisions  and  with  the  various  (1-3)  interactions: 
polarization  (POL),  hard-sphere  (HS)  and  symmetrical  resonance  charge-transfer 
(CX). .  The  exact,  diffusional  and  bottleneck  rates  are  a£,  aD  and  aBN, 
respectively. 


aD/ct£  aBN/aE 


a 

POL 

HS 

CX* 

HS 

0.001 

0.955 

0.969 

0.997 

50.51 

0.01 

1.159 

1.205 

1.295 

7.692 

0.1 

2.000 

2.410 

2.985 

2.950 

1/3 

2.924 

3.891 

5.051 

2.227 

1.0 

3.413 

4.854 

6.329 

2.020 

10.0 

2.000 

2.941 

- 

2.674 

100.0 

1.156 

1.403 

- 

6.452 

1000.0 

0.955 

1.053 

- 

32.26 

♦Here  small  a  implies  M2  «  M^  =  M3  and  a  =  1  implies  M2  »  Mj  *  M3. 


Figure  Captions 

Fig.  1  (a)  Normalized  energy-change  frequency  moments  D^"1)  (energy"1  s"1).  m  = 
0-4,  as  a  function  of  internal  energy  E^  =  -x(kT)  of  the  bound  ion- 
pair.  (b)  Ratios  (energy"1  per  collision),  m  =  1  and  2,  and 

comparison  of  oj^  with  3oj^/3X  which  shows  that  the  minimum 
of  has  same  location  as  the  zero  in  Equal -mass  species  and 

charge-transfer  ion-neutral  collisions  are  assumed  and  moments  are 
normalized  to  the  quantity  (-l)mroty(kT)m~  given  in  ref.  14. 

Fig.  2  Inverses  of  moments  (a)  D^(x)  and  (b)D^(x)  as  a  function  of 

internal  energy  E^  =  -XkT  of  the  ion-pair  for  various  ion-neutral 
interactions:  POL  (polarization),  HS  (hard-sphere),  CX  (charge- 
transfer).  Equal-mass  species  are  assumed. 

Fig.  3(a).  Probabilities  P^,D  for  association  and  dissociation  of  an  ion-pair 
bound  with  energy  E^  =  -XkT.  Equal -mass  species  and  charge-transfer 

ion-neutral  collisions  are  assumed.  - :  Exact  QSS-solution  of  eq. 

(2.29).  - :  Diffusional  Approximation,  eq.  (3.29)  and  (3.30). 

Fig.  3(b)  Derivatives  (dP^/dX)  of  probability  P^  of  Fig.  (3a)  for 

association.  QSS:  from  solution  of  eq  (2.29).  D:  diffusional 
approximation,  eq  (3.31). 


Fig.  4.  Comparison  of  currents,  eq  (2.20),  past  energy  level  Ei  =  -XkT, 

obtained  ( - )  from  exact  solution  of  eq  (2.29)  and  from  ( — ) 

diffusion  probabilities  eq  (3.29).  Equal -mass  species  and  charge- 
transfer  ion-neutral  collisions  ure  assumed.  The  current  is 
normalized  to  ( 2ou.fi  JL)  where  aT  is  the  Thomson  rate,  eq  (4.5). 


Fig.  5.  Normalized  rates  Rj,  eq  (4.6),  for  ion-ion  recombination  in  a  dilute 
gas  as  a  function  of  mass  parameter  a,  eq  (3.34)  for  various  ion- 
neutral  interactions:  HS  (hard-sphere),  CX  (charge-transfer)  and  POL 

(polarization).  - :  exact  rates.  □,  o,  a:  rates  obtained  with 

diffusional  probabilities,  eq  (3.29),  in  basic  eq  (4.4)  for  HS,  CX  and 
POL  interactions. 


dPA  (E)/dX  Pd(E) 


(-E/kT) 
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Appendix  C 


Microscopic  Basis  and  Analytical  and  Numerical  Solutions  of 


the  Debye-Smol uchowski  Equation 


Microscopic  Basis  and  Analytical  and  Numerical  Solutions 
of  the  Debye-Smoluchowski  Equation 

M.  R.  Flannery  and  E.  J.  Mansky 
School  of  Physics 
Georgia  Institute  of  Technology 
Atlanta,  Georgia  30332 

By  explicitly  including  collisions  and  by  operating  at  a  level  more  basic 
than  the  macroscopic  Debye-Smoluchowski  Equation  (DSE),  various  assumptions 
within  the  DSE -treatment  of  transport  influenced  reactions  of  A  and  B  in  a 
dense  medium  M  become  naturally  exposed.  The  appropriate  modification  of  DSE 
to  description  of  the  kinetics  within  the  region  of  the  sink  is  provided. 

Analytical  expressions  for  probability  densities  and  rates  are  derived 
which  are  exact  solutions  of  DSE  (a)  at  all  times  t  and  large  internal 
separations  R  of  the  pair  (A-B),  (b)  at  long  times  t  and  all  R  and  (c)  at 
short  times  t  and  all  R.  Not  only  are  the  transient  rates  as(t)  and  aL(t) 
exact  at  short  and  long  times,  respectively ,  but  they  are  naturally  bounded 
for  all  times  with  as(t-*»)  and  a^t-K))  tending  to  the  correct  limit,  albeit 
with  an  incorrect  transience.  Comparison  with  exact  numerical  solutions  of 
DSE  illustrates  the  effectiveness  of  a  proposed  solution  over  the  full  range 
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1.  Introduction 


In  chemical  kinetics  of  reactions  in  the  condensed  phase  or  in  solution 

1-3 

and  of  coagulation  of  colloids,  the  Debye-Smoluchowski  Equation  (DSE)  has 
received  widespread  application.  It  involves  solution  of  the  continuity 
equation 


3n(R,t)/3t  +  v*0  (R,t)  =  0 

^  'V  *\;  'v 


R  ^  R. 


(1.1 


subject  to  the  radiation  boundary  condition 


4irRs2  Jd(R$,t)  =  -a3  n(R$,t)  , 


(1.2 


which  equates  (as  in  heat-conduction  problems)  the  frequency  of  transport  with 


3  .-1, 


the  frequency  of  absorption,  assumed  to  proceed  at  a  local  rate  a3(cm  s  )  at 


the  boundary  of  a  spherical  sink  of  radius  R$.  The  number  density  of  pairs  AB 


with  internal  separation  R  between  R  and  R  +  d£  is  n(jl)d£  and  Ja(R)dR  is  the 
intramolecular  net  current  within  pairs  which  are  in  the  state  of  internal 
expansion  across  interval  dJJ  about  Jg  within  some  medium  M.  In  the  absence  of 


any  sources,  the  rate  of  disappearance  of  pairs  with  R  *  R$  is. 


(a/at)  /  n(JJ,t)dR  -  4*RS2  Jd(Rs,t)  =  -  c*(t)NANB 

R 


(1.3 


where  o  is  the  overall  rate  of  association  of  species  A  and  B  with  averaged 
number  densities  B  at  time  t.  Hence  the  rate, 


a(t)  ■  a3  n(Rs,t)/NANg 


(1.4 


•*«!*'<  *’*  •*,  •*.  if*  ‘ 


1 


relies  only  on  the  macroscopic  density  n(Rs,t)  at  the  sink  boundary  provided 

d 

the  local  rate  <*3  is  regarded  as  a  pre-assigned  parameter.  The  net  current  ^ 
ir.  (1.1)  can  be  related  to  the  total  density  n  via^ 

4d(R,t)  =  -0  7  n($,t)  +  (K/e)(7V)  n(£,t)  (1.5 

where  V(R)  is  the  energy  of  interaction  between  A  and  B.  In  terms  of  the 

diffusion  and  mobility  coefficients  0A  g  and  g,  respectively,  for  the 

isolated  species  A  and  B  in  the  medium  M,  the  coefficients  in  (1.5)  for 

relative  diffusion  and  relative  mobility  are  D  =  D^  +  Dg  and  K  =  +  Kg. 

Hence  the  rate  a(t)  can  be  determined  from  the  solution  of  (1.1)  at  the  sink 

via  (1.4)  and  the  overall  problem  is  reduced  to  one  of  transport  alone. 

Although  the  DSE -method  has  been  applied  to  reactions  in  solution,  its 

de-facto  general ization  to  lower  densities  of  the  medium  (as  a  gas)  is  not 

immediately  obvious,  nor  are  the  assumptions  intrinsic  to  validity  of  DSE 

transparent.  The  effective  decoupling  of  reaction  from  transport  as  in  (1.2) 

and  in  (1.4)  is  likely  to  be  valid  in  the  limit  of  high  gas  densities  when 

reaction  proceeds  much  faster  than  transport  which  is  then  the  rate-limiting 

step.  As  the  density  is  reduced,  reaction  and  transport  are  coupled,  and 

address  is  required  at  a  microscopic  level^  more  basic  than  (1.1)-(1.5).  In 

5 

§2,  this  microscopic  basis  of  DSE  is  summarized  so  that  the  validity 
requirements  of  DSE  are  naturally  exposed.  It  is  shown  that  the  DSE-method 
when  applied  to  transport-influenced  reactions  in  a  gas  retains  its  usefulness 
for  evaluation  of  time  dependent  rates  o(t)  via  determination  of  that 
particular  time-dependent  combination  of  the  individual  transport  and  reaction 
rates  ctyg  and  a^,  respectively,  which  are  time-independent  and  which  are 
regarded  as  being  independent  parameters,  externally  assigned. 
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Although  DSE  can  be  solved  exactly  for  the  field-free  case  (V  =  0),  no 
simple  exact  analytical  solution  yet  exists  for  general  interaction  V (R ) 
between  A  and  B.  For  the  pure  Coulomb  case,  DSE  has  been  solved®  in  terms  of 
Mathieu  functions,  which  can  be  expressed  as  infinite  series  of  products  of 
modified  Bessel  functions  but  which  are  as  complicated  to  evaluate  as  the 
exact  numerical  solution.  For  approximate  solution  of  (1.1)  with  general  V(R) 
a  large  body  of  literature  (see  ref.  7)  exists  on  various  schemes  based  on  Green's 
function,®  "prescribed"  diffusion^  and  “matched  perturbation"10  techniques . 

Here  (in §3  and  §4),  highly  accurate  analytical  solutions  for  general 

V (R )  are  proposed,  and  are  then  tested  (in  §  5)  explicitly  for  pure  Coulombic 

attraction.  Exact  analytical  expressions  for  the  densities  n(R,t)  and  the 

rates  a(t)  are  derived  (a)  for  short  times  and  all  R,  (b)  for  long  times  and 

all  R,  and  (c)  for  all  times  t  and  large  R.  The  only  simple  analytical 

expression  available  up  to  now  has  been  that  derived11  from  the  method  of 

"matched  perturbation  solutions"10  for  the  exact  asymptotic  transient 

(t  -*■  ®)  .  The  present  long-time  solution, (b)  above, not  only  yields  this  exact 

asymptotic  transient  but  provides  an  analytical  solution  which  is  exact  down 

to  much  shorter  times.  Some  preliminary  reports  of  these  analytical 

12-14 

expressions  have  already  been  presented.  Finally,  an  approximate  and 

highly  accurate  combination  of  short-time  and  long-time  solutions  is  proposed 
in  i  6  for  the  rates  a(t)  at  all  times  t. 

The  aim  of  the  present  paper  is  therefore  to  examine  the  foundation  and 
validity  requirements  of  DSE  within  a  modern  perspective  and,  then  to  present 
analytical  solutions  of  DSE  under  a  general  interaction  V (R )  between  the 
species  A  and  B  reacting  in  a  thermal  gas  bath  M.  The  microscopic  theory  used 

5 

in  this  paper  has  been  developed  earlier  . 
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2.  Microscopic  Basis  of  the  Debye-Smoluchowski  Equatu 
For  the  closed  system. 


A  +  B+  M  ±AB+M 


with  no  external  sources  or  sinks  as  discussed  previously,  the  continuity 
equation 


holds  for  the  integrated  macroscopic  distribution 


nS(R,t)  *  /  n^R.E^.OdE,  (2.3 

'  -»(R) '  *  1  ' 

-3  s 

in  number  density  (cm  )  of  AB  pairs.  The  microscopic  distribution  n.  is 

such  that  n.  dRdE^  is  the  number  density  of  pairs  with  internal  separation  £ 

and  internal  energy  within  the  interval  dJ^dE -  about  (Jjj,E.)  and  nsd£  is  then 

the  number  density  within  interval  djj  of  pairs  with  all  possible  internal 

energies  between  the  lowest  bound  level  -V(R)  consistent  with  a  fixed  R  and 

the  far  continuum.  The  interaction  between  A  and  B  is  V(R).  The  net 

R-macroscopic  current  vector 


>P *.t)  =  I  i, d(R.Ei.t)dE1 


is  the  energy-integration  of  the  (R,E.. } -microscopic  net  current  ^  in 

■  J  n,  (R.E,  dv,  +  /  n,  (jg.E,  .j,  ;t)^,  d£( 


±<l'(8-E1  •*> 


where  the  conditional  pair  distribution  n. (£,E^  ;t)  is  such  that  the  number 

density  of  pairs  AB  with  internal  separation  R,  internal  energy  and  with 
the  direction  v^  of  the  internal  relative  velocity  ^  in  interval  d£  dE^  d^ 
about  (R,E<tv4)  is  n4 (R,E< ,v< ;t)dRdE^dv-  at  time  t.  Corresponding  to  (2.5) 
define  the  sum  (s)  and  difference  (d)  of  microscopic  densities  by 
n?-d(R,t)  =  nf-d(R.El,t)  .  /  n, ;t)dv,  1 /  n, (R.E, ;t)dj,  <2.6 


ni  —  ni 


The  integrations  in  (2.5)  and  (2.6)  are  over  the  positive  (+)  region 
where  R.v.  >  0,  and  the  negative  (-)  region  where  R.v4  <  0,  such  that  the  net 

<v  »\,1  —  ’  >\j  <\/l  — 

current  J-^  and  the  net  density  n.d  of  pairs  which  are  in  the  states  of 
internal  expansion  (+)  or  contraction  (-)  are  (J.+  -  (h-)  and  (n.+  -  n^) 
respectively.  Also  n.  and  0.  are  the  respective  sums  (ni  +  ni  )  and  (Ji  + 
J^)  of  densities  and  currents  of  internally  expanding  (+)  and  contracting  (-) 
pairs. 

The  continuity  equation  corresponding  to  (2.2)  but  for  the  microscopic 
s  5 

distribution  n^  (R,t)  has  already  been  derived  from  a  Boltzmann-type  equation 

5 

for  the  two-particle  correlation  function  n(R,v,t)  and  is 

%  'V 


at  +  £v!i  =  /^R^f i  (R»t)dEf 


where  the  net  frequency  of  collisional  transitions  (i  -*■  f)  is  given  in 

^j*f(R.t)  -  n.s*d(R,t)  vif(R)  -  nfs’d(R,t)  vfi(R)  *  -S?ff(R,t)  (2.8 


in  terms  of  the  frequency  v.  ^  dEf  of  AB-M  collisions,  which  change  the 
Internal  energy  of  a  pair  AB  from  E.  to  between  E*  and  E  +  dE*  at  a  fixed 


nuclear  separation  R  of  A  and  B.  Thus,  the  net  rate  at  time  t  of  collisional 
production  of  (R.E^)-pairs  from  all  levels  f  within  the  accessible  energy 
range  [-V  -*•  »]  is  the  RHS  of  (2.7).  On  integration  of  (2.7)  over  the  full 
energy  range  of  E^ ,  the  macroscopic  continuity  equation  (2.2)  for  the  closed 

CO  00 

system  is  recovered  since  the  overall  effect  of  collisions  /  dEi  /  dEf  S^- 

d  'v  _v  4 

is  null.  Although  the  macroscopic  net  current  Ja(R,t)  can  be  related4  to  the 
summed  densities  ns(R,t)  via  the  excellent  approximation,* 

Jd(R,t)  =  "0  V  ns(R,t)  +  (k  (W)  ns(R,t)  (2.9) 

%  'Xj  'Xj  'Xj  6  'v  'w 


in  term  of  the  macroscopic  coefficients  D  and  K  for  relative  diffusion  and 


relative  mobility  of  A  and  B  in  medium  M,  no  similar  relation  has  yet  been 


derived  for  the  corresponding  microscopic  current  (R,E.,t).  As  has 


previously3  been  shown,  (2.7)  must  then  be  coupled  to  the  following  equation 


TniVM>  -[l-  (Erv)_1  Hr]  (2-10> 


-V 


/  Sji(R,t)dEf 


in  terms  of  the  quantities  J*,  n?  and  S^.  defined  in  (2.5),  (2.6)  and  (2.8)  respectively 


When  equilibrium  is  established  in  the  internal  angular  momentum  L  of  the  pair 


5  s  d 

(A-B),  ni  is  then  independent  of  v.  so  that  J_.’  in  (2.7)  and  (2.10)  are  simply 


j  n^,(*  v^ .  Also  ny  in  (2.10)  is  then  given  by3n^~  =  j  (n.s  -  n^u)  for  all  R 


-  1 


and  E^  ^  0,  and  for  bound  levels  E^  <:  0  by  n^+  =  j  (n.^  +  n^D)  for  R  <:  A  or  by 
n^"  *  j  (n^  -  n^d)  for  A  j  R  .<  B.  Here  A  is  the  radius  of  the  bound  circular 
orbit  (associated  with  maximum  angular  momentum  L),  and  B  is  the  radius  of  the 
outermost  turning  point  of  the  orbit  with  L  *  0  where  I E .  |  =  V(B).  Under 
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conditions  of  thermodynamic  equilibrium  In  L,  J^*d  *  j  n?*d  v^  In  (2.7)  and 
(2.10)  which  are  therefore  coupled  In  n^s  and  n.d;  In  contrast  to  the  direct 
use  of  (2.9)  In  (2.2)  for  the  macroscopic  densities  nSQl,t).  Operation  at  a 
level  more  basic  than  (2.2)  therefore  necessitates  solution  of  coupled 
time-dependent  equations,  rather  than  the  single  equation  (2.2).  It  Is 
therefore  advantageous  to  explore  the  conditions  for  which  a  macroscopic 
treatment  based  on  (2.2)  can  be  Invoked. 

2.1  Macroscopic  Transport-Coil Islonal  Equations 

For  a  given  R,  subdivide  the  energy  range  into  three  blocks:  a  block 
of  strongly  bound  levels  between  levels  -V(R)  and  -S  within  which  the  pairs 
are  considered  to  be  fully  associated,  a  block  S  of  excited  levels  between  -S 
and  the  dissociation  limit  taken  at  zero  energy  within  which  the  pairs  are  in 
the  process  of  associating  or  dissociating,  and  a  continuum  block  C  which 
describes  fully  dissociated  pairs.  The  sum  of  the  distributions  n  and  n  of 

V  C 

pairs  in  blocks  C  and  E  respectively, 

00 

n(Jg,t)  =  /  n.s(R,E.;t)dEi  =  nc(R,t)  +  ng(R,t)  (2.11) 

and  the  corresponding  net  current 

J(R,t)  =  /  Jid(j5,E.;t)dE1  =  Jc(R,t)  +  Je(R,t)  (2.12) 

then  satisfy,  with  the  aid  of  (2.7),  the  equation 

•  -S 

it  |  dE,  f  S,f(R,t)dEf  ;  R{RS  (2.13) 
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for  R  $  R$,  the  outermost  turning  point  associated  with  level  -S.  In  (2.13) 
and  in  what  follows  is  written  simply  as  S..f.  For  R  5  R$,  block  S  does 
not  exist  so  that 

&  "<?.«  +  Z'i  ■  0  :  "»*s  (2.14) 

Integration  of  (2.13)  yields, 

,  *s 

£  /  n(R,t)dg  +  4.R/  J(£  ,t) 
o 

On  introducing 

Rif 

S.f(t)  =  /  S.f(R,t)dR  =  -  Sf.(t)  (2.16) 

0 

the  net  frequency  per  unit  dE^dE^  of  collisional  transitions  between  levels  E^ 
and  Ef,  where  R.f  is  the  lesser  of  and  R^.,  the  turning  points  associated 
with  levels  E.  and  Ef,  integration  of  (2.7)  over  all  accessible  R-space  yields 

R. 

00  00 

n.(E.,t)  =  -  /  dR  /  S1f(R,t)dEf  =  -  /  S.f(t)dEf  (2.17) 

0  -V  -D 


k$  w 

/  dR  /  dE.  /  S.f(R,t)dEf 
O  -S  -V  1  T 


(2.15) 


Eq.  (2.15)  is  then 

RS  .  ao  _S 

^  /  n(R,t)dR  +  4wR$Z  J(R$,t)  =  -  /  dE.  /  Sif(t)dEf  =  -  3n$(t)/3t  (2.18) 


where  the  density  of  pairs  in  block  S  is 


-S 


ns(t)  =  ;  n  (JJ.t)dJJ  .  I  dR  /  n’fg.E.it)*,  •  /  n1(E1.t)dE, 


(2.19) 


2 

Eq.  (2.18)  states  that  the  flux,  -4wRs  J,  entering  the  (reaction) 
sphere  of  radius  R  equals  the  net  collislonal  rate  of  production  of  S-pairs 
plus  the  rate  of  Increase  of  the  contribution  from  the  reaction  volume  to 
the  density  (2.11)  of  C  and  S  pairs.  On  assuming  no  net  flux  at  Infinite 
separation  R,  integration  of  (2.14)  yields 


&  [  "<«■*><« 


-  4irRs‘  J(R$,t) 


which,  when  added  to  (2.18),  provides 


(2.20) 


■k  /""(R.t)dR  *  £  r>  (t)  =■  0  (2.21) 

O 

On  defining  the 
collisional 

(2.22) 

dissociated 
k  (s'1)  for 

dissociation  of  S-pairs  AB  with  density  n$(t)  are  related  by^ 

3ns(t)/3t  =  aNA(t)NB(t)  -  k  n$(t)  (2.23) 

when  quasi -steady-state  (QSS)  conditions  (an^/at)  are  assumed  for  block  E. 

On  further  assuming  that  those  pairs  within  the  reaction  volume  of  blocks 
C  and  E  are  also  in  QSS  i.e.. 


the  conservation  equation  as  expected  for  this  closed  system. 

3  -1 

averaged  local  rate  <*3  (cm  s  )  for  production  of  block  S  via 
absorption  from  blocks  C  and  S  by 

•  -S 

<*3  n(R$,t)  =  |  dE.  ^  Sif(t)dEf  *  3ns(t)/3t 

3  -1 

The  effective  two  body  rate  a (cm  s  )  for  association  of 
species  A  and  B  with  densities  N.  R(t)(cm  )  and  the  frequency 


9 


(2. 


£/n(Rs,t)d$  =  0 
then  (2.18)  and  (2.22)  yield 

3n$(t)/3t  *  -  4itR$2  J(Rs»t)  =  -  o»3  n(R$,t)  (2.; 

so  that  the  effective  two-body  rate  of  association  is 

c(t)  =  o3tl  -  r(t)]"1  n(R$,t)/NA(t)NB(t)  (2.; 

where  the  quantity 


r(t)  *  [NANB/NA(t)NB(t)]  tn$(t)/ns]  (2. 

is  a  measure  of  the  departure  of  the  densities  of  the  dissociated  A,B  and 
associated  AB  species  from  their  corresponding  time-dependent  values  NA  B 
and  ns  appropriate  to  full  thermodynamic  equilibrium  (r  =  1)  with  the  gas 
bath  M.  Since 


t 

n$(t)  -  n$(0)  ■  o 3  /  n(R$,t)dt,  (2.i 

r(t)  can  therefore  be  determined  given  NA  B(t). 

Provided  the  local  rate  a3  in  (2.22)  is  specified  as  some  external 
parameter  or  else  is  obtained  by  other  means,  a  is  therefore  determined  via 
(2.26)  solely  by  the  transport  equation  (2.14), 


Ti  n($’t}  +  a  0  •  R  5  Rc 


(2. 


^  awwa  ’MW."'.  ^  ^  j  r  vj  f :  vj  ar* 


5  ■  V  W* 


H  _ 


r- 


i 


solved  subject  to  the  radiation  boundary  condition 

4irR$2  J(Rs,t)  =  a3  n(R$,t)  (2.29b) 

at  the  sink.  When  (2.9)  is  used  for  J,  this  corrbination  (2.29)  represents 
the  Debye- Smoluchowski  Equation  (DSE),  familiar  in  kinetics  of  reactions  in 
the  condensed  phase1"3  and  in  solution^"10  and  to  coagulation  of  colloids. 

It  was  obtained  originally  by  applying  the  macroscopic  continuity  Eqn.  (2.2) 
outside  (R  *  R  )  the  sink  region,  and  by  equating  the  transport  and  absorption 
rates  at  R  =  R$,  as  in  (1.1)  -  (1.5).  Since  the  reaction  rate  a3  is  considered 
as  a  pre-ass igned  parameter,  DSE  concentrated  solely  on  solution  of  the 
transport  portion  J°(R  *  Rg ,t)  of  the  problem,  external  to  the  sink. 

2.2  Assumptions  Intrinsic  to  DSE 

By  operating  at  a  level  more  basic  than  DSE,  the  present  treatment  has 
exposed  the  two  underlying  criteria  for  validity  of  DSE 


at  "i^i*^  ^  0  0 

,  RS 

£  /  "<K.t)d£  %  o 
0 


,  E,  ,  -S  J 


(2.30) 


i.e.,  quasi-steady-state  conditions  are  assumed  for  pairs  in  the  intermediate 
block  E  of  excited  levels  and  for  those  pairs  with  internal  separation  R  <  R$ 
and  with  internal  energies  in  the  E  and  the  continuum  block  C. 

The  present  treatment  has  also  provided  the  logical  transport  equation 
(2.13)  for  description  of  the  sink.  It  is  also  usual  to  consider  a  situation 
of  high  non-equilibrium  (r  «  1)  so  that  the  association  rate  is  simply 


a(t)  =  o3  n(Rs,t)/NANB  (2.31) 

where  B  is  the  averaged  concentration  of  dissociated  species  A  and  B. 

If  however  «3  1S  not  predetermined  (as  is  the  general  case)  then  the 
complete  microscopic  treatment  based  on  the  solution  of  the  coupled  transport- 
collision  equations  (2.7)  and  (2.10)  for  the  microscopic  densities  "J-d  is 
requi red . 

Since  a3  in  (2.22)  is  also  determined  by  the  collisional  frequency  in 

assignment  and  use  within  DSE  as  an  external  parameter  can,  however,  provide 

very  valuable  insight  to  chemical  kinetics  in  a  dense  medium.  For  example  the 

3-4 

steady  state  solution  (3n/3t  *  0)  of  (2.29)  yields  the  steady-state  rate 

4  12 

which  can  be  written  as,  ' 


aRN  aTR 
[aRN  +  aTRJ 


(2.32) 


in  terms  of  the  reaction  rate,  defined  by 


°RN  *  a3  exp(-KV(R$)/De) 


(2.33) 


and  of  the  transport  rate 


4ttD  PL 


(2.34) 


where 


R  =  [  /  exp(KV/De)R"2  dR]-1 


(2.35) 


The  steady  state  rate  a  is  therefore  controlled  by  the  rate  limiting 

00 

step.  However,  there  are  at  present  no  exact  analytical  solutions  of  OSE 
(2.29)  *  for  general  V(R),  although  a  large  body  of  literature7-1^  exists  for 
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various  types  of  approximations.  For  the  pure  Coulombic  case,  DSE  can  be 
solved  formal ly®1n  terms  of  Mathleu  functions,  which  In  turn  can  be  expressed 
as  an  infinite  series  of  products  of  modified  Bessel  functions,  the  full 
evaluation  of  which  is  however  as  time  consuming  and  as  illuminating  as  the 
direct  numerical  solution  of  (2.29). 

In  the  following  section  §  3,  useful  time-dependent  analytical  solutions 
for  the  rates  a(t)  and  densities  n(R,t)  of  (2.24)  for  general  V (R )  are 
proposed.  The  assumed  initial  (t  3  0)  condition  and  asymptotic  (R  ■*  • ) 
boundary  condition 


n(R,t*0)  »  Nq  exp(-KV/De)  3  n(R-*»,t)  (2.36) 

are  appropriate  to  association  of  (A-B)  pairs  with  an  initial  Boltzmann 
distribution  in  internal  separation  R,  and  to  a  continuous  source  at  infinity 
which  maintains  the  Boltzmann  distribution  only  at  asymptotic  R. 

2.3  Field-Free  Expressions 

For  reference  purposes,  the  analytical  solution15  for  the  field-free  case 
(V=0)  of  (2.29)  subject  to  (2.36)  can  be  written  as^ 

n(R,t)  3  N0(l  +  (a/ad)(S/R)  [exp(x02)exp(2x0<y  erfc(xQ+%)  -  erfc  nQ]}(2.37) 

4 

in  terms  of  the  time-dependent  pair  (Xq,^)  of  functions, 

XqU)  *  (03/aJ(Dt/S2)1/Z  ;  n0(R,t)  3  (R-S )/2(Dt) 1/2  ,  (2.38) 


and  of  the  steady-state  (field-free)  rate 


(03^)7(03  +  ad) 


where  a3  Is  the  pre-asslgned  rate  of  reaction  at  R$  a  S,  the  sink-radius, 
where 


0^  *  4irDS 


Is  the  rate  of  pure  diffusion  at  S.  The  exact  transient  rate  of  association 
from  (2.31)  is  therefore. 


o(t)  a  o3{l  +  (af,°^/od)  l exp  x02  erfc  x0  -  1  ]> 


=  [i  +  (o3/ad)  exp  x0  erfc  x03 


which  initially  decreases  from  the  finite  reaction  rate  03  as 


«(t-0)  a  a3(0)Cl  -  (2/*1/2)(a3/ad)(Dt/S2)1/2]  , 


and  approaches  the  steady-state  rate  via  the  asymptotic  transient 


t(t— )  *  a^0)[l  +  (a(eo0)/ad)(S2/TrDt)1/2] 


In  the  diffusion  limited  region  -*■  ad  «  03,  then  (2.41b)  reduces 

exactly  to  (2.43).  It  is  worth  noting  that  the  only  exact  analytical 

expression^  yet  available  (to  the  author's  knowledge)  for  the  rate  a(t)  under 

12 

general  V(R)  is  the  asymptotic  transient  which  may  be  rewritten  compactly  as 


a(t-w»)  *  a  [1+  (a  /aTD)  (S2/uDt)^2] 


which  corresponds  to  the  same  level  of  approximation  as  (2.43)  but  with  cto, 

(01 

oy,  '  and  S  all  replaced  by  aTR,  and  S  of  (2.32)  -  (2.35). 
respectively.  The  basic  expression  had  been  earlier  obtained**  from  a 
straightforward  application  of  the  method*0  of  “matched  perturbation 
solutions".  An  expression  which  covers  a  time  range  considerably  broader  than 
the  asymptotic  transient  (2.44)  is  derived  in  the  following  section,  together 
with  a  corresponding  short-time  solution  which  tends  to  the  initial  transient 

a(t+0)  -aRN  Cl-(2/1r*/2)(oRN/aTR)(dR/dR)s  (Dt/S2)  */2]  ,  (2.45) 

This  transient  is  the  appropriate  generalization  of  (2.42)  to  arbitrary 
interaction  V(R),  but  with  inclusion  of  the  additional  factor 

(dR/dR)  *  (R/R)2  exp(KV/De)  (2.46) 

which  is  absent  in  the  corresponding  generalization  (2.44)  of  the  asymptotic 
transient  (2.43). 


Exact  Analytical  Solutions  (a)  for  All  Times  and  Large  R.  (b)  for  Lon 


Times  and  All  R.  and  (c)  for  Short  Times  and  All  R 


Under  the  nonlinear  transformation 


R  *  [  /  exp(KV/De)  R"2  dR]_1 
R 


the  Debye-Smoluchowski  Equation  (1.1)  for  general  interaction  V(R)  has  been 
12 

shown  to  reduce  to 


3p(R,t)/3t  *  D(dR/dR,2  p (R,t) 

^R 


where  the  fractional  departure  from  8oltzmann  equilibrium  is 


p(R.t)  *  n(R,t)/[N0  exp(-KV/De)] 


At  temperature  T  of  the  gas,  the  Einstein  relation  De  =  K(kT)  holds  for 

weak  fields  so  that  the  argument  of  the  exponent  in  (3.1)  and  (3.3)  is  (V/kT) 

12 

In  this  'tilda'  space  ,  the  total  flux 


4*R2  U(R,t)  =  4irR2  J(R,t) 


remains  invariant,  with  the  current  vector  in  this  R-space  being  defined  as 


J  =  -ON  v£p 


which  is  formally  equivalent  to  the  current  due  to  field-free  diffusion  in 
R-space  but  with  n(R,t)  replaced  by  N.  p(R,t). 


t 


In  terms  of  this  solution  p  of  (3.2)  and  of  the  rates  aRN  and  aTR  in 
(2.33)  and  (2.34)  for  reaction  and  transport  under  interaction  V(R),  the 
association  rate  a(t)  of  (1.4)  and  the  "radiation"  boundary  condition  RBC  of 
(1.2)  yields 

o(t)  =  aBN  p (S,t)  *  aTB  S[3p/3RJ£  (3.6) 


which  shows  that  p(S,t)  0  when  a-|-R  «  aRN,  as  in  the  limit  of  high  gas 

'Xi 

densities  N,  and  that  (3p/3R)  •>  0  (which  implies  the  Boltzmann  distribution, 
p  a  1)  when  aTR  >>  aRN,  as  in  the  limit  of  vanishing  N.  At  each  of  these 
respective  limits,  o^,  the  steady-state  rate  (2.32)  tends  to  the  rate  limiting 
step  of  transport  or  of  reaction,  respectively. 

Introduce  the  dimensionless  variables, 


r  =  R/S  -  1,  t  -  Ot/S2,  <j>  =  (R/S)p  =  ('r+Dp 


so  that  (3.2)  reduces  to 


3<t(r,x)/3T  * 


(dr/dr)2  (32$/3r2) 


subject  to  the  initial  and  asymptotic  boundary  conditions  (2.36)*  rewritten  as 


(r,t  =  0)  =  (r+1 )  =  ♦(^..t) 


(3.9a 


and  to  RBC  in  (3.6),  rewritten  as 


a(t)  =  aRN  4>(0,t)  *  a  [3«j>(rK),T)/3r] 


(3.9b 
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since  the  sink  is  located  at  r  =  0. 

Under  Laplace  transformation , 

^  ^  oo 

4>(r,s)  =  /  <)>{ r ,t)  exp(-ST)dr 
o 

then,  with  the  initial  condition  (3.9a)  incorporated,  (3.8)  yields 

(a^ar2)  =  (dr/dr)2s[$  -  (r+l)/s], 

with  formal  solution, 

$(r,s)  =  A(s)  exp[-y(r,s)s^2]  +  (r+l)/s, 

in  terms  of  unknown  functions  A(s)  and  Y(r,s).  The  asymptotic  boundary 
condition  (3.9a)  specifies  that  y(r-*»,s)  -»•  ».  On  setting 

k  =  (dr/dr)  =  (S/S)(dR/dR) 

then  (3.12)  in  (3.11)  yields  the  differential  equation 

s"1/2(dy/dr)  =  y2(r,s)  -  k2(r) 
to  be  solved  for  y  and  hence  y  in 

y(r,s)  =  dy(r,s)/dr 

With  knowledge  of  y  and  y,  and  with  RBC  in  (3.9b)  used  to 


determine  A(s)  in  (3.12),  the  Laplace  transform  p  of  the  departure  function  p, 
(3.3),  is  therefore 


p(r,s) 


♦(r,s)/(^l) 


aRN 

aTR 


exp-[Y(r,s)-Y(o.s)ls1/2 

(^l)s[y(o,s)s1/2+aRN/aJ 


(3.15) 


The  corresponding  Laplace  transform  o  of  the  transient  association  rate 
a(t),  (3.6),  is  therefore 


a(s)  *  p(0,s)  *  |l/s  -  (aRN/a-|-R)[s{y(o,s)s  ^  +  J*  (3.16) 

Progress  in  the  search  for  simple  analytical  formulae  is  now  limited  by 
the  availability  or  determination  of  closed  expressions  for  the  inverse 
Laplace  transforms  of  the  overall  s-functional  dependence  in  (3.15)  and  (3.16), 
which  are  mainly  governed  by  the  form  of  y(r,s)  and  its  derivative  y  *  (dy/dr). 

For  attractive  interactions  of  the  general  form  (V/kT)  *  -(Re/R)n,  where 
R  is  the  natural  unit  of  length  characterized  by  V (R_ )  *  kT,  integration  of 
(3.1)  then  yields, 

x  *  $/Re)  =  n  y  C(l/n) ,  xn]  ;  x  =  R/Rg  (3.17) 


where  the  incomplete  Garnna  function  is 


_  r  »  /  i\m  „mn 

Y(l/o.x-n)  '  7  [»  *  £  ^  Tmn+TT 


(3.18) 


In  the  limit  of  small  x,  R  <<  Rg,  and  y  ^r(l/n),  the  complete  Gamma 
function,  so  that 
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(3.1 


•  x  -»■  n  r_1(l/n)  3  xQ,  x  *  R/Rg  «  1 


a  constant; 1  (n  *  1),  1.1284  (n  3  2),  1.1200  (n  3  3),  1.1032  (n  *  4)  and 
1.0779  (n  *  6)  for  the  Coulombic  (n  3  1),  Dipole  (n  3  2),  Quadrupole  (n  3  3), 
Polarization  (n  3  4)  and  Van  der  Waals  (n  3  6)  attractions,  respectively. 

For  large  R  »  Rg  then 


X  =  X 


1  +  TrvHT  x'n  + 


1 


1 


•2n 


1 


(n+1)^  2(2n+l) 


(n+1 r  (n+l)(2n+l) 


6(3n+l) 


■3n 


(3.20 


to  give 


x  *  x  +  1/2  +  (l/12x)  +  0  (x‘3)  ,  (n  »  1) 

=  x  +  (l/3x)  +  (l/90x3)  -  (11/1890X5)  +  ..  ,  (n  3  2) 

-  x  +  (l/5x3)  -  (7/460x7)  +  ...  ,  (n  3  4) 

3  x  +  (l/7x5)  -  (23/1274X11)  +  ...  ,  (n  3  6) 

for  the  various  attractions,  respectively.  The  derivative  which  appears  in 
the  basic  expression  (3.2)  is 

(dR/dR)  3  (x/x)2  exp(-x"n)  ^-(x0/x)2  exp(-x"n)  (3.21 


so  that 


i  hii  b  A 
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(<&„„)  -  A  -  |{$]  X-"  ♦  [i  -  j^yy  - 


x_2n  + 


(3.22) 


As  illustrated  in  Fiq.  la  for  the  various  attractions,  (dR/dft)  increases  rapidly 
from  zero  at  x  =  xQ  to  its  unit  asymptote  at  large  x  >  1.  Note  that  the 
coefficient  of  x"*  in  (dR/dR)  and  of  x”2  in  It  *  (R/Rg)  vanishes  for  Coulombic 
attraction,  so  that  (dR/dR)  tends  to  its  unit  asymptote  as[-(l/12)x”2  +  0(x‘4) 
which  is  somewhat  faster  than  that  [-(1/3)  x“2  +  0(x-*)]  for  the  pure  dipole 


case. 


Particular  values  of  the  nonlinear  function 


(R/R  )  ■  x  »  [1  -  exp(-l/x)]_1 


(3.23) 


for  Coulomb  attraction  and  of  its  derivative 


(dR/dR)  =  (dx/dx)  *  x2(l  -  x'1)  tn2(l  -  x"1) 


(3.24) 


are  displayed  in  Table  1  which  shows  that  the  derivative  attains  its  unit 
asymptotic  value 


r\.  .  'V  9  ''j  _A 

(dx/dx)  -*■  1  -  -L  [x^  +  +  (13/15)  x  4  +  ...] 


very  rapidly.  This  variation  is  also  amplified  in  Fig.  (lb)  over  the 

ro  a, 

important  range  0  <  R  <  1.5  of  R. 

<\» 

(a)  On  this  basis,  the  solution  at  large  R  (>  1.5  n.u.)  is  therefore  obtained 
by  replacing  (dR/dR)  in  (3.13)  by  unity  so  that  the  solutions  of  y  and  y  of  (3.14)  are. 


r. 
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y(r,s)  =  s/s  , 
Y(r,s)  »  $  r/S  =  (R-S)/S 


(3.25 


/ 


which  are  all  independent  of  s. 

(b)  At  long  times  (when  s  -*•  o),  y  in  (3.14a)  is  therefore  constant  for 


all  r,  so  that 


y(r,s  +  o)  *  S/S  =  y&  , 

► 

<V|  '\Aj 

Y(r,s  -*•  o)  a  Sr/S  =  y£ 


(3.26a) 


which  are  all  identical  with  (3.25).  The  criterion  for  validity  of  (3.26)  is 
that 


s1/2[(S/S)2  -  (dr/dr)2]  -  0 


(3.26b) 


which  holds,  not  only  for  long  times  and  all  R  as  in  (b),  but  also  for  large  R 
and  all  times  as  in  (a),  so  that  the  solutions  at  long  times  for  all  R  and  at^ 
all  times  for  large  R  are  identical.  The  closer  that  (dr/dr)  is  to  (S/S), 
the  greater  will  be  the  range  of  toverwhich  (3.26)  is  valid.  The  variation 


of  (dr/dr)  with  r  for  various  values  of  S  is  illustrated  in  Fig.  1(c)  which 

shows  quite  clearly  that  the  key  function  (dr/dr)  in  (3.8)  may  be  considered 

<v  % 

constant  (S/S)  over  a  large  range  of  r  and  S. 

(c)  At  short  times  when  s  -*■  «,  the  solutions  of  (3.14)  are, 

»  W  ■  M?)  =  y4(r)  ,  ) 


y(r,s)  *  r 


y4(r) 


/ 
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V  V  . 


•-  v: 


(3.27 


In  this  approximation,  (3.14a)  yields 


so  that  the  above  approximation  (3.27)  Is  valid  provided 
s1/2  »  (d2r/dr)2/(dr/dr)2  »  s^2 

a  condition  which  is  more  rigorous  and  less  restrictive  than  the  requirement 
of  infinite  s. 

For  r  >  0.25  in  Fig.  (lc),  k  a  (dr/dr)  tends  to  the  constant  (S/S)  so 
that  the  key  validity  criterion  s  »  sra1n  can  be  satisfied  for  longer  times. 
Also. (3.27)  for  y^  at  "short"  times  and  all  r  tends  at  large  r  to  (3.25)  for  y 
at  all  times  and  large  r,  so  that  the  range  of  validity  of  the  above  short-time 
solution  (3.27)  can  extend  into  longer  times  by  increase  of  r. 

All  of  the  above  three  solutions,  (3.25)  -  (3.27),  are  s-independent  so 
that  the  inverse  Laplace  transform  of  (3.18)  can  be  readily  performed  to 
yield  the  same  formal  expression 

p(R,t)  »  n(R,t)/N0  exp(-KV/De)  =  *(r ,t)/( r+1) 

»  U  +  (a„/aTR)(S/R)  [exp(28x)  exp  x2  erfc  (x+8)  -  erfc  8  ])  (3.29) 

for  each  of  the  above  cases  (a)  -  (c)  which  are  distinguished  by  the  pair 
(x,G)  of  functions. 


(3.28a) 


(3.28b) 


(3.30) 


X4(t)  *  (aRN/«.y4)/r  =  (aRN/a0B)(S/S)/T 

ft4(R,t)  »  y£(r)/2/T  =  (R-S)/(2S/T)  s  r(S/S)/2v7 


for  cases  (a)  and  (b)  i.e.,  for  long  times  and  all  R,  or  for  all  times  and 
asymptotic  R  £  1  n.u.,  (since  (3.25)  and  (3.26)  are  identical);  and  by 


X4(t)  *  [a^/o.  y4(0)]/r  *  (aRN/aoo)(dR/dR)s(S/S)/T  *  (a^/ajidr/dr)  Q/x 
fljfR.t)  =  (R-S)/2S/r  «  r/2/F 


(3.31) 


for  case  (c)  for  short  times  and  all  R.  For  large  S  note  that  x,  x0  and 

-o  X, 

that  -*■  n£  for  large  R  and  S. 

The  corresponding  transient  recombination  rates  obtained  from  (3.16)  or  from 
(3.6)  directly,  are  written  in  terms  of  the  steady-state  rates  (2.26)  -  (2.28) 
and  of  the  appropriate  (x,n)  above  as 

a(t)  =*  aRN  p(S,t)  =  aRNCl  +  (c^/a-^)  {exp  x2  erfc  X  -  1>]  (3.32a) 

■  a^Cl  +  (or^/ojr)  exP  X2  erfc  x]  (3.32b) 

Note  that  (3.29)  and  (3.32)  are  all  formally  identical  (in  the  tilda 
representation)  to  the  "field-free"  expressions  (2.31)  and  (2.35).  By 
comparison,  the  overall  effect  of  the  general  field  V(R)  is  therefore  to 
change  the  transport  rate  from  a^, (2. 48), to  ayR, (2.34) ,  the  reaction  rate  from 
a3  t0  aRN»(2.33),and  the  pair  of  functions  (x0»&0)  of  (2.38)  to  either  of  the 
pairs  (3.30)  or  (3.31)  for  long  or  short  times,  respectively. 
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Short-time  and  long-time  expansions  of  (3.29)  are  facilitated  with  the 
aid  of  the  corresponding  expansions, 

exp  x2  erfc  x^l  -  (2/it1/2)X  +  X2  -  (4/3*1/2)x3  +  X  ♦  0  (3.33) 

for  small  x  (at  short  times)  and 

exp  x2  erfc  x-^(l/x^1/2)(l  -  j  x"2  +  |  x'4  -  ...);  X  -►  -  (3.34) 

for  large  x  (at  long  times). 

Since  the  higher-order  expansion  terms  above  are  alternatively  positive 
and  negative,  the  short  time  limits  as^,  where  n  denotes  the  order  of  x 
included  in  (3.33),  tend  to  (3.32a)  from  above  or  below  according  as  n  is  even 

or  odd,  respectively.  At  short-times,  therefore  the  rate  o(t)  initially 

1/2  . 

decreases  from  oR^  as  t  via 

Os(1)(t  -0)  -  c^M  (1  -  (a<a/aTR)(2/ir1/2)x4> 

=  aRN  {1  -  (aRN/arR)(dR/dR)s  (4Dt/"S* ) 1/2  }  (3.35) 

-1/2 

which  tends  to  a$  from  below.  At  longer  times  it  decreases  as  t  via 

<*L(1)(t  -*•  •)  =  [1  +  («rn/«xr)/x^1/2] 

■  Cl  +  (aoyaTR)(S2/1rDt)1/2]  (3.36) 

which  tends  to<*L  from  above  and  then  to  the  asymptotic  steady-state  limit  o^. 

This  asymptotic  transient  (3.36)  is  identical  to  that  previously 
derived*1  by  the  method1*1  of  "matched  perturbation  solutions".  Thus  (3.30)  in 
(3.32b)  provide  the  appropriate  extension  of  (3.36)  down  to  shorter  times;  and 


(3.31)  In  (3.32a)  extends  the  new  short-time  transient  (3.35)  up  to  longer 
times.  Both  the  t"1^  long-time  transient  and  the  t1^  short-time  transient 
become  suppressed  in  the  "reaction  limited  region"  where  aRN  <<  «TR,  and  are 
fully  amplified  in  the  "transport  limited  region"  where  ■  a.^  «  aRN.  The 
resulting  formulae  for  o^,  as^^»  °l  ane*  aPPear  to  be  the  only  simple 

analytical  expressions  apart  from  (3.36)  for  derived  f°r  9eneral 

interactions  V(R). 

Procedures  for  numerical  solution  (see  S  5)  of  the  basic  eq.  (3.2)  for 
all  times  require  initialization  of  p  and  3p/3r  either  at  short  times  when 
integrating  forward  in  t,  or  at  long  times  when  integrating  backwards  in  t. 
Direct  differentiation  of  the  basic  solution, 

p(r,T)  «  1  +  (a„/aTR)  [exp  x2  exp(2xo)  erfc(x+fl)  -  erfc  n]/(r+l)  (3.37) 

where  the  sets  (x4,^4)  and  distinguish  short  and  long  times, 

respectively,  yields 

(ap/ar)  *  (aRN/aTR)  C(r)erfcfi/(r+l)  +  (aRN/ao#)[C(r)-(ooo/aRN)/(r+l)](p-l)  (3.38) 

where 


C*(r)  «  (dr/dr)Q/(dr/dr) 

(3.39) 

C4(r)  •  1 


for  short  (a)  and  long  ( i )  times,  respectively.  The  radiation  boundary 
condition, 


c^Sp/ar^  »  aRN  p  (Q,t)  »  oRN  { 1  +  («. [exp  X*  erfc  X-  1  ]  }  (3.40) 

Is  of  course  satisfied  by  (3.38)  at  the  sink  (r  ■  0)  at  all  times.  As  t  ->■  0, 
p  -*•  1  -  0(t*^),and  (3p/3r)  varies  continuously  with  ^  as. 


( ^  c  Cr)  erfc  a , 

(r+1)  1  s 


*<,RN/aTR* 


;  ?  •+■  0 


(otRN/ctTR^  2(V^  /  t\1/2 

(fcl) 


(3.41) 


exp(-r2/4t) 


;  r  »  2/r 

which  Indicates  the  dramatic  decrease,  with  increase  of  r, 
of  (War)  at  short  times  from  a  constant  value  (aRN/ayR)  at  the 

-3 

sink.  Accurate  nunerlcal  integration  around  Initial  times  t  ~  10  therefore 

_3 

demands  Intervals  Ar  In  r  as  small  as  10  so  as  to  ensure  dense  coverage  of 
the  complementary  error  function 

OB 

erfc  0  ■  —  /  exp(-n2)dn  (3.42) 

/T  o 


between  unity  (at  r  *  0)  and  zero  (at  r  >>  2/r). 


4.  Extension  for  Intermediate  Times  and  all  R 


In  an  effort  to  seek  extensions  of  (3.29),  with  (3.30)  for  long  times, 
down  to  intermediate  times  for  all  R,  insert  the  expansion 


y(r»s)  *  y^Cl  +  F1(r)s1^  +  F2(r)s  +  ...  ] 


in  powers  of  in  (3.14a),  and  equate  equal  powers  of  s.  Since  the  exact 
solution  at  large  r  is  ya,  (3*26),  then  F.  (r  +•)  +  0.  The  expansion 

X*  I 

coefficients  are  therefore  determined  by 


F,(r) 


s-1  f  [If 


dR  , 


which  for  Coulomb  attraction  tends  at  large  R  to 


Fx(r)  *  (Re/S)  ^(Re/R)  +  (Re/R)2  ♦  ... 


and  by 


w 

F2(r)  3  -  2S’*  /  F^(r)dfL 


On  retaining  only  the  F^-term  in  (4.1),  the  rate,  obtained  directly  from 
the  Inverse  Laplace  Transform  of  (3.16),  is 


2  2 

\s(t)  *  a,[l  +  (aRN/aJR)  (a+  exp  x.  erfc  x.  -  a_  exp  x+  erfc  x+>  /  (a+-a_)] 


for  long  -*>  short  times  and  is  restricted  to  cases  for  which 


xj*  -  a±  -U+  [1  -  4(aRN/aJS  F^OJ/S]172}  /ZF^O)  (4.5) 

1  ^ 

remain  real  i.e.,  when  F^(0)  5  ^  (“a^Rf^ (S/S) .  The  ran9e  of  application  of 

(4.4)  is  therefore  rather  limited. 

The  corresponding  extension  from  shorter  (s  -*■  »)  to  longer  times  may  be 

accomplished  by  expanding  y  in  terms  of  s"172  so  that,  on  equating  equal 
-1/2 

powers  of  s  , 

y(r,s)  -  k(r)  +  (V  (r)/2k(r)]s-172  ;  k  ■  (dr/dr)  ,  (4.6) 

where  k'  is  (dk/dr).  The  condition  for  validity  of  the  short-time  solution  y 
=  k(r)  is  therefore  s172  »  (d2r/dr2)/(dr/dr) 2,  as  before.  The  required  rate, 
for  short-*-  long  times  and  for  all  assigned  parameters  is 

aSL^  =  °RN  f*1  +  («./aTR)  ^  f  (k'o72ko)(°«*7aRN^  1  {eXp  XSL  erfC  XSL  “ 

(4.7a) 

=  ajl  +  (k'0/2kQ)(aai)/aRN)}  1  [1  +  ( k ' 0/2k0)+(aRN/aTR)  exPxSL  erfcxSL^ 

(4.7b) 


where  k'  is  k'(r*0)  and  where 
o 

*Sl  *  “VJ  +  (ky2k0)]^/k0  («-8) 

Although  (4.7a)  has  been  designed  as  an  extension  of  the  short  time 
result  to  longer  times,  it  does  not,  however,  tend  to  the  correct 


.  •*. 


A  *  - »  -  *k‘-V  —  --  -  “  - 
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asymptotic  (t  -*■  •)  limit,  ct^,  as  does  a^,  (3.31)  in  (3.32b).  Because  it  is 
automatically  constrained  to  vary  monotonically  between  oRN  (as  t  0)  and 
(  as  t  -*■•),  aj  may  indeed  yield  a  better  approximation  than  aSL  except 
perhaps  in  some  intermediate-time  range.  Although  tends  to  the  correct 
asymptotic  limit  a^,  its  asymptotic  transience  (i.e.,  the  rate  at  which 
approaches  o^)  will  not  be  correct  since  it  is  characterized  by  x4  rather  than 
by  the  correct  x&  to  give 

o$(t  •)  3  a.Cl  +  (o00/“TR)(dR/dF()s  (S2/irDt )  ^2]  (4.9 

which  agrees  with  the  exact  transient  (3.36)  only  for  large  sink  radii  S  when 
(dR/dfc)s  -*•  1  (cf.  Fig.  lb). 

Analogous  considerations  also  apply  to  the  comparison  of  a LS  of  (4.4) 
with  aL  of  (3.29)  and  (3.27).  The  rate  decreases  monotonically  from  aRN 
to  aa  as  t  increases.  In  contrast  to  a^s  which  does  not  tend  to  aRN  as  t  -*•  0. 
The  long-time  solution  yields,  however,  the  incorrect  short-time  transience 

oL(t  -►  0)  «  <^[1  -  (oRN/aTR)(4Dt/irS2)1/2]  (4.10 

which  agrees  with  the  exact  short-time  transience  (3.35)  only  for  large  S  when 
(dR/dR)<-  -*•  1. 


5.  Numerical  Solutions 

The  basic  equation  (3.2)  in  tilda-space  for  the  fractional  departure 
(3.3)  from  Boltzmann  equilibrium,  is 


<£\2 

2 

3p" 

3x 

dr  | 

L?2 

(r+1) 

arJ 

in  dimensionless  units  (3.7).  In  numerical  algorithms,  the  assigned  initial 
condition 


p(r,0)  =  1 


(5. 


% 

must  be  supplemented  by  an  additional  initial  condition  for  (3p/3r).  Eqs. 
(3.37)  and  (3.38)  with  (3.31)  for  (x^.O^)  are  used  to  facilitate  forward 

•  _3 

integration  in  x  from  10  when  small  intervals  Ar  in  r  are  required.  The 
boundary  conditions  at  the  sink  (r  -  0)  and  at  asymptotic  *r  are 


(  3p( t T ) / 3r )g  =  (a^|^/aj|^ )  p(0,x),\ 


p(r-w»,x)  *  1 

i 


(5. 


at  all  times  x.  Eq.  (5.1)  is  a  linear  partial  differential  equation  with 
nonlinear  coefficients  and  is  of  the  general  form 


3f(x,t)/3t  =  F(x,t,f(x,t) ,  3f/3x,  32f/3x2) 


(5. 


which  can  be  solved  by  standard  numerical  procedures 
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subject  to  the  initial 


conditions. 


(5.5) 


f(x,t“0)  *  fQ(x)  ;  3f(x,0)/3x  =  3fQ/3x 

and  the  boundary  (x-+0,»)  conditions 

af(x,t)  +  8  3f(x,t)/3x  *  y(t)  ;  (x-*0,“)  (5.6) 

where  a  and  6  are  constants  independent  of  (x,t).  In  the  numerical  method 
adopted,^  the  boundary  conditions  are  imposed  indirectly  via  the  differential 
equation 

o 

a  3f(x,t)/3t  +  g  3  f(x,t)/3t3x  =  3y/3t  (5.7) 

such  that  y(t)  in  (5.6)  must  be  either  constant  or  a  continuous  function  of  t. 

18 

The  selected  algorithm  DPDES  designed  primarily  for  parabolic  problems  (as 
is  the  case  here)  solves  a  system  of  equations  of  type  (5.4)  by  a  method  of 
lines,  wherein  the  solution  is  expanded  in  a  series  of  cubic  Hermite  basis 
functions  of  x.  The  t-dependent  undetermined  coefficients  are  evaluated  from 
a  collocation  procedure^  at  each  t  i.e.,  from  the  differential  equations 
obtained  by  imposing  the  boundary  conditions  (5.7)  at  the  endpoints  (xQ,  x^) 
and  by  requiring  that  the  differential  equation  (5.4)  is  satisfied  at  two 
Gaussian  quadrature  points  between  adjacent  points  Xp,  Xp+^  in  the 
x-discreti zation:  Xg  $  Xp  $  xN;  Xp  *  Xg  +  ph  (p  =  0,  1,  2,  ....  N). 

-3 

Eq.  (5.1)  was  therefore  solved  numerically  in  equal  intervals  Ar  =  10  , 
10~2  and  5  10"2  over  the  respective  ranges  (0  -  10“2),  (10“2  -  5  10"2)  and 
(5  10“2  -  30)  in  r;  at  equal  intervals  At  =  10“^,  10”2  and  5  10’2  over  the 
respective  t-ranges,  (10-^  -  10"2),  (10“2  -  1)  and  (1  -  100).  At  short  times 
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x'vlO"'3  -  10  ,  small  Intervals  Ar  ^  10"  in  r  are  required  (see  §  3)  for 
accurate  initialization  via  (3.37)  and  (3.38).  All  calculations  were 
performed  on  a  COC  7600  computer  with  a  typical  execution  time  of  14  minutes 
(with  a  relative  error  of  10"6  in  the  t-discretization)  for  a  given  sink 
radius  S  and  ratio  (^/“tr)* 

As  a  test,  the  numerical  results  reproduced  the  exact  analytical 
solutions  (2.37)  and  rates  (2.41)  for  the  field-free  (V  *  0)  case. 

Figure  2  illustrates  for  a  representative  case  (S  ■  j  n.u.,  a^/o^  =  1/2) 

2 

of  Coulombic  attraction, the  collapse  with  scaled  time  x(=  Dt/S  )  of  the  exact 
fractional  departure  p(r,x)  *  n(R,t)/exp(-KV/De)  of  the  probability  density  n 
from  its  initial  Boltzmann  distribution,  p(r,0)  *  1,  onto  the  steady-state 
(3p/3x  +  0  as  r  ♦  •)  distribution 

pJr.T-*-)  »  1  -  (a^/oygHS/R)  (5.8 

as  a  function  of  r  s  (R/S)  -  1.  With  increase  of  the  parameter  (a^/o^)  to 
its  limiting  value  of  unity  (characteristic  of  full  transport  controlled 
processes),  the  steady-state  p^is  approached  much  more  rapidly  than  those  for 
smaller  (a  /oyg)»  and  deePer  holes  in  the  distribution  appear  in  the 
neighborhood  of  the  sink  at  r  =  0  where  a  highly  non-equilibrium  distribution 
has  developed.  As  the  sink  radius  S  decreases,  the  curves  in  Fig.  2  for  given 
( a^/ ayn )  collapse  onto  p^  over  all  r  much  more  slowly  i.e.,  it  takes  longer  to 
attain  steady-state,  as  expected. 

The  above  asymptote  p^  in  Fig.  2  is  rendered  universal  for  all  (°,o/aTR) 
by  simply  relabelling  the  p-axis  from  the  vertex  at  (1  -  in  general, 

rather  than  at  0.5,  in  equal  intervals  to  unity. 

The  variation  with  x  of  the  Intercept  p(0,x)  provides  directly  the  x- 


variation  of  the  recombination  rate. 


o(t)  =  aRN  p (0,t)  *  aTR  [3p (r+0,T)/3r]o  (5.&) 

Since  the  accuracy  of  the  various  schemes  (i  3,4)  of  analytical 
approximation  improves  at  all  x  for  larger  r,  detailed  comparison  between  the 
exact  numerical  intercept  p^Q.x)  and  the  derived  analytical  Intercepts 

p(0,t)  ■  1  +  (a^/a^)  [exp  x^  er^c  X  “  U  =  ct(x)/aRN,  (5.10) 

or  between  the  corresponding  association  rates  a(x),  provide  the  most 
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stringent  test  of  the  accuracy  of  the  various  approximations  forp(r,x)  and 
its  derivative  (3p/3r). 


5.1  Comparison  with  Analytical  Expressions 

As  indicated  by  (3.35)  and  (3.36),  the  transience,  a(x)  versus  x[  = 

2  2 

(Dt/S  ),  in  units  of  (S  /D)  a  characteristic  time  scale  for  diffusion  across  a 

distance  S],  becomes  amplified  for  larger  x  i.e.,  for  transport  controlled 

regions,  when  oRR  »  aa  (i.e.,  when  o^/ayj^  -*■  1),  and/or  for  large  sink  radii 

S  which  result  in  larger  (dr/dr).  for  x.  (cf.  Fig.  lc)  and  in  smaller  (S/S) 

for  x.  (cf .  Table  1). 

* 

Figs.  3(a-h)  -  5(a-h)  illustrate  comparison  with- the  exact  numerical 
solution  <»£  of  the  various  short-time  solutions  and  a^,  as  in  (a-d),  and 
of  the  various  long-time  solutions  and  c^s,  as  in  (e-h),  over  externally  assigned 
values  of  both  the  sink  radius  (S  *  1,  0.75,  0.5,  0.25  n.u.)  and  of  the  ratio 
a»/aTR  0,5»  °*9)*  Since  the  transition  from  steady-state  reaction 


controlled  processes  to  transport  controlled  processes  is  characterized  by 
Increase  from  small  (where  <*RN  <<  aTR)  to  unit  “./“jp  (where  <*RN  » 

oTR)  as  in  (2.32),  the  selected  range  (0.1  -  0.9)  of  a»/a-|-p  therefore 
corresponds  to  Increase  in  gas  density.  Since  a(t)  tends  to  aRN  as  t  -*■  0  and 
to  as  t-*— ,  all  of  the  short-time  curves  (a)  -  (d)  for  a(x)/aRN,  and  all  of 
the  long-time  curves  (e)  -  (h)  for  afxj/a^  are  normalized  so  as  to  tend  to 
unity  at  their  respective  short-time  and  long-time  limits.  As  t+®,  a(T)/aRR 
in  (a)  -  (d)  tends  to  [1  -  (aj  °TR)3.  which  gives  0.9,  0.5  and  0.1  for  each 
respective  value  of  (a^/a.^);  and  a(T)/oa>  in  (e)-(h)  tends  as  t->0  to  [1  -  (o^/ayu)]”1 
i.e.,  to  1.11,  2,  and  10  for  each  respective  cas*. 

Figs.  3(a)  -  3(d)  for  the  small  ratio  (a|B/aTR )  =  0.1  i.e.,  for  (aoo/aRN)  * 

0.9  which  imply  a  reduction  in  a(x)  of  10%  from  aRN  over  the  full  time  range, 
show  that  as,  (3.22a)  with  (3.31),  and  aSL,  (4.7a)  with  (4.5),  both  reproduce 
the  exact  numerical  results  aE  at  short  times  over  the  given  range  (1  -  0.25 
n.u.)  of  S.  As  S  increases  both  <xs  and  oSL  agree  with  <xE  over  longer  periods 
of  time,  as  expected  from  validity  criteria  (3.28b).  They  also  represent 
substantial  improvements  over  the  short-time  transients,  and  as^  which 

are  the  expansions  of  as,  (3.32)  up  to  and  including  terms  in  t1^2  and  t3^2, 
respectively.  As  t  0  both  and  eventually  converge  (from  below) 

to  a^,  as  expected,  and  then  to  For  the  larger  S,  the  suggested  more 
rapid  variation  in  all  of  the  rates  fromORN  is  apparent. 

As  expected,  shows  some  improvement  over  a 5  for  longer  times  up  to 
t  %  1,  particularly  at  larger  (o^/ayp)  and  smaller  S,  as  is  apparent  in  Figs. 

3-5.  For  longer  times  t  >>  1,  eventually  diverges  since  it  is  not 
automatically  constrained,  as  isote,  to  tend  to  the  limiting  asymptote  o  . 
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This  is  the  essential  reason  that  the  short-time  expression  fora^  exhibits  in 
general  a  better  overall  agreement  with  the  exact «E  over  the  full  range  of  x  . 

Even  for  the  most  extreme  case,  S  *  0.25  n.u.  in  Figs.  (3-5)d,  for  which 
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(dR/dR)  Is  small  (cf.  Fig.  lb)  so  that  the  basic  analytical  approximation  for 
all  times  tends  to  lose  validity,  05  departs  from  at  intermediate  x  ^  1  but 
then  eventually  approaches  aa  albeit  with  an  incorrect  transience,  as  t->®  ,  in 
direct  contrast  to  oS|_.  Note  that  an  overall  effect  of  increase  in  (a^/ojR) 
in  Figs.  3-5  is  to  effectively  shift  the  amplification  from  short  times  (Fig. 
3),  to  intermediate  times  (Fig.  4)  and  longer  times  (Fig.  5). 

The  exact  long  time  rates  o^,  (3.30)  in  (3.32b),  the  long-short 
approximation  of  (4.4),  and  a^1^  the  asymptotic  transient  (3.36)  to  aL, 
are  all  compared  in  Figures  3(e-h)  -  5 ( e-h)  with  the  exact  numerical  results 
iE.  Both  <je  and  0^5  yield  considerable  improvement  over  which  up  to  now 

has  been  the  "best"  simple  analytical  long-time  expression  yet  proposed*1  (via 
the  method  of  matched  perturbation  solutions10).  This  result  aL^  eventually 
tends  to  the  present  analytical  result  <»L  which  then  tends  to  (see  in 
particular  Fig.  4(h)  and  Fig.  5(g),  5(h)). 

Although  (which,  in  order  to  ensure  real  a±  in  (4.5),  is  restricted 
only  to  cases  (e)  of  Figs.  3  and  4  and  to  case  (f)  of  Fig.  3),  is  designed  to 
extend  aL  into  the  shorter-time  regime,  it  only  partially  succeeds,  but  it 
does  not,  in  general,  represent  an  overall  improvement  to  o^.  The  rate  0^  is, 
of  course,  automatically  constrained  to  vary  from  the  exact  asymptotic  (t-**) 
limit  with  the  correct  long-time  transience  to  the  exact  (t  -*•  0)  limit  <*RN, 
with,  however,  the  incorrect  short-time  transience.  In  contrast  does 
increase  with  the  correct  long-time  transience  from  aB,  but  reaches  a  maximum 
and  then  tends  as  t  ■*  0  to  the  incorrect  limit 
Corresponding  sets  of  curves  are  displayed  in  Fig.  4  for  the  ratio  aoo/ajR  * 
0.5  which  is  appropriate  to  atmospheric  gas  pressures  and  which  represents 
equal  rates  of  transport  and  reaction.  A  50%  decrease  in  <*(t)  from  aRN  to 
will  therefore  occur  as  t  develops.  Both  and  «SL  again  represent  a 


considerable  Improvement  over  their  short-time  limits  '  and  ,  and 
is  significantly  more  accurate  than  the  previous  standard  result  Note, 

for  this  larger  ratio  of  a^/a^,  that  the  extensive  range  [10-^  -  10^]  in 
time  does  not  include  the  short-time  limits  when  a/a^^  1,  as  in  Fig.  3,  but 

emphasizes  rather  the  intermediate- time  and  long-time  regimes.  Fig.  3 
illustrates  very  clearly,  even  for  the  worst  case  (h)  with  S  *  0.25  n.u.,  the 
dividend  that  accrues  from  the  built-in  variation  of  between  at  short 
times  and  aB  at  long  times.  At  intermediate  times,  >  a£,  aL  <  <*£  and  aj^ 

>  <*£.  Since  ot|_^  tends  to  aj_  more  rapidly  than  aj_  tends  to  a^,  must 

therefore  cross  so  that  somewhat  closer  but  accidental  agreement  is 
exhibited, as  in  Figs.  (4h)  and  (5h). 

The  general  picture  which  is  therefore  emerging  is  that  both  a<.  and 
are  highly  accurate  analytical  solutions  which  are,  in  general,  better  than 
their  corresponding  extensions  aSL  and  <xLS,  respectively,  into  the 
intermediate-time  regime,  mainly  because  the  basic  expression  (3.32) 
automatically  varies  between  the  correct  limits  aRN  and  o^;  is  the  exact 
short-time  transience  and  <X|_  is  the  exact  long-time  transience.  No  short-time 
approximation  as  a$,  <*s^’  aSL  has  been  Prev’ous^y  proposed  and  the 

present  long-time  result  is  quite  superior  to  a^*^  which  has  been  the  only 
analytical  expression  previously  reported.** 

This  underlying  order  has  become  further  clarified  in  Figure  5  which  is 
appropriate  to  transport-controlled  processes  at  high  gas  pressures  (  -v  tens 
of  atmospheres).  This  case  with  (o^/oj^)  s  0.9,  involves  a  90%  reduction  in 
o(t)  from  ORN  to  as  x  develops.  The  x-range  [10  -  10  ]  emphasizes 

intermediate -► long  times.  Figs.  5c,d  exhibit  quite  clearly,  for  the  first 
time,  the  marked  departure  of  from  at  intermediate  times  x  *  1  -  10 

followed  by  the  eventual  return  of  a<.  to  ap  in  the  limit  of  long-times.  Also 


the  convergence  of  a^'1'  t0  °L  *s  aPParent  in  Fig.  5h.  Even  for  this 

most  extreme  case  S  *  0.25  n.u.  where  the  validity  criteria  (3.26b)  and 
(3.28b)  is  being  stretched  for  all  times,  the  present  expressions  for  and 
<*L  are  quite  superior  to  ®s^  and  t0  °|_^*  resPect^ve1y* 

Since  the  various  terms  in  the  expansion  (3.33)  for  of  (3.32a),  are 
alternatively  negative  and  positive,  tends  to  as  from  above  or  below 

depending  on  whether  the  number  n  of  time-dependent  terms  included  in  (3.33) 
is  even  or  odd,  respectively.  Since  is  less  than  oig  and  since  is 
greater  than  0g  at  intermediate  times,  some  time-dependent  combination  of  as 
and  aL  is  suggested  (see  §  6). 

The  long-time  curves  (e)  -  (h)  in  Figs.  3-5  show  directly  that  ag  ^  s 

achieve  their  steady-state  value  a  more  rapidly  for  transport-control  led 
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recombination,  i.e.,  for  (a^/a^)  <  1,  than  for  reaction-controlled 
recombination,  (a^/o^)  «  1,  which  is  characterized  by  a  much  slower  rate  of 
decrease  to  a  higher  relative  value  a  . 

Even  with  its  incorrect  short-time  transience,  aL  is  somewhat  better  than 
over  all  time  x  for  the  reaction  dominated  recombination,  (Fig.  3),  and 
ij,  in  spite  of  its  incorrect  long-time  transience,  is  somewhat  better  than  ag 
over  all  t  for  transport  dominated  recombination  (Fig.  5). 


Validity  Criteria  and  Improved  Transient  Result 

Although  the  long-time  and  short-time  expressions  obtained  by  inserting 
(3.30)  and  (3.31)  respectively  in  (3.29)  for  n(R,t)  and  in  (3.32)  for  o(t), 
have  now  been  shown  to  be  highly  accurate,  they  have  been  derived  from  the 
Laplace- transform  technique  such  that  neither  do  the  actual  equations  satisfied 
by  the  derived  analytical  formulae  or  do  rigorous  validity  criteria  apart  from 
(3.26b)  and  (3.28b)  naturally  materialize.  The  basic  equation 
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32<t 
3r  It 


(6.1) 


for  4  OSt)  =  ('M)  p^.t),  as  in  (3.7)  and  (3.8),  where  p  is  the  fractional 
departure  n(R,t)/NQ  exp(-KV/De)  of  the  probability  density  n(R,t)  from  Boltzmann 
equilibrium,  may  be  expressed  in  alternative  forms  as 


(6.2a) 

(6.2b) 


used  to  discuss  the  short-time  solution,  or  as 


(6.2c) 


used  to  discuss  the  solutions  at  large  r. 
The  recombination  rate  is  simply 


a(x)  *  aRN  p(0,x)  *  (3p( ^.tl/ar] 


or,  equivalently. 


(6.3a) 


a(t)  * 


♦(0,t)  *  a  [3$(r-*0,T)/3r] 


(6.3b) 


°RN 


in  which  RBC,  the  radiation  boundary  condition  (3.6)  or  (3.9b)  between  the 
function  and  its  derivative,  is  explicitly  used. 

Provided 

| 3$/3t |  »  (d2r/dr2)[(3$/3r)  -  l]  (6.4) 


as  for  all  r  and  small  t  (but  not  for  large  r  and  all  t),  (6.2b) 
reduces  to 


ST 


A 


(6.5) 


o,  o 

which,  apart  from  the  term  d  r/dr  ,  is  formally  identical  to  field-free 
diffusion  in  (r,x)-space.  Provided, 


as  at  large  r  and  all  t,  then (6.2c)  reduces  to 


(6.6) 


3t 


T 


=  (S/S)2  T 


(6.7) 


which  is  formally  identical  with  field-free  diffusion  in  (r,i)-space. 

The  exact  solutions  of  (6.5)  and  (6.7)  appropriate  to  the  above 
initial  and  boundary  conditions  (3.9)  in  (r,x)  space  are  then 


♦  (r.r)  *  (r+1)  +  (aa/aTR)  [exp(2nx)  exp  x2  erfc(x+n)  -  erfc  n] 
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(6.8) 


where  the  pair  (x»G)  of  functions  are  defined  as 


*  \ 


‘  '•  **  '  (WO(<“r/<lr)0;  a,  •  (°RN/«.)(S/S) 


fl4(r,T)  a  r/2/F;  n£(r,x)  *  r/2/F 


(6.9) 


with  subscripts  appropriate  to  the  exact  solution  $s  at  short  times  and  all  r, 
and  with  subscript  i  appropriate  to  the  exact  solution  for  all  times  and 
large  r. 

These  approximate  solutions  $  of  the  basic  eq.  (6.1)  are  exactly  those 
(3.29)  -  (3.31)  previously  derived  via  the  Laplace  Transform  technique  which 
procedure  is  however  required  to  show  that  the  solution  $  for  large  r  and  all  t  is 
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identical  with  that  for  all  r  and  long  t.  Direct  differentiation  of  (6.8)  yields 
.  (dr/dr)n  _ 

(3<fr  /3r)  *  1  +  (oRN/oJ  — - - -  [<fr.  -  (r+1)  +  (o^/oi-r)  erfc  n$]  (6.10a) 

(dr/dr) 


and 


(3<frfl/3r)  *  1  +  (aRN/aJ  -  (r+1)  +  (a„/oTB)  erfc  nj 


TRJ 


(6.10b) 


which  assume  their  largest  values  [a  .(t)/^]  at  the  sink  (cf.  Fig.  2)  where 

p  Xf 

RBC,  Eq.  (6.3b)  is  of  course  satisfied.  Also,  differentiation  of  (6.8)  yields 


(s*Jr.t>/»t)  ■  a4il 


^ 1 )+<«>TR ) < erfcoi ,rexp('Vi)/(/’*a 


A 


(6.11) 


2  ^2 

which  can  be  used  to  provide  32<|>4/3r£  or  32<fr£/3r£  via  (6.5)  or  (6.7), 
respectively. 


Fig.  lc,  which  illustrates  the  variation  for  Coulomb  attraction  of 
(dr/dr)  with  r  for  various  sink  radii  shows  that  the  terms  of  (6.2b)  and 
(6.2c)  which  are  omitted  in  (6.5)  and  (6.7),  respectively,  are  largest  at  the 

sink.  At  the  sink, 

4  „(0,t)  -  1  +  (a  /aTp )  [exp*2  erfc  x-1]  (6.12a) 

a , %  ® 

-  ('»>RN>l9*41«(0,'l)/S'!l  '  aS,L(T)/“RN 
and 

3*a,t(0,T)/3T  "  (aa,*/oW  C“S,L(t) 
where  a c  (x-*-)  are  the  long-time  asymptotic  transients, 

%>  «  L 

°S,L(t~*")  3a«  +  (oRN/aTR)/xa,*^ 

of  the  basic  rates, 

°S,L(t)  *  ”RN(1  *  («-/clTR>  l«P  *l,t  erfc  h.l  '  11} 

<W«TR>  e*P  x|,t  erfc  x4iJt) 


(6.14a) 

(6.14b) 


(6.12b) 


(6.13) 


At  long  times. 


(r+1)  -  (a^/ct-j-p),  (34^  ^/3x)  ^ 


(6.15) 


and  at  short  times, 


♦  (r,T-*-0)  *  (r+1);  *  -(aRN/aTR)(d'}</dr)0  exp(-r/4T)/AT  (6.16) 


With  the  aid  of  (6.10a)  and  (6.11). the  key  criteria  (6.4)  for  validity  of 
the  short-time  solution  <h  for  all  r  is, 

4 


(°tRN/ae#)l^  -  (r+1)  +  (aM/otTR)[erfc  -  exp(-^2)/x4>^r  ] | 


-  ii. r^ril — 

(dr/dr)Q(dr/dr)  6 


-  (>+1)  +  (aa/aTR)  erfc 


(6.17a) 


which  specifically  excludes  long  times  (t-+»)  since  then  n  -*■  0  and  both 
sides  vanish,  with  the  aid  of  (6.15).  This  condition  becomes  more  transparent 
at  the  sink  where  (6.4)  reduces,  with  the  aid  of  (6.12a,b)  to. 


k*s(T)  "  as(T'*,0B^  >:>  ^Z/6rZ)0  [as(t)  -  ]  (6.17b) 


which  also  specifically  excludes  long  times  since  a$  tends  to  as(t-»«),  the  long-time 
transient,  faster  than  a,,  tends  to  a  ,  the  steady-state  asymptote.  Moreover  the 
validity  of  this  "short  time"  solution  extends  into  longer  times  both  for  the 
transport  controlled  regime  when  (a^/ct^)  >>  1,  and  for  larger  sinks  when 

(dr/dr)Q  becomes  larger  so  that  (d  r  /dr^g  becomes  smaller  (cf.  Fig.  lc). 

This  systematic  trend  is  indeed  confirmed  by  Figs.  3-5. 

The  key  criteria  (6.6)  for  validity  of  the  solution  4» ^  of  (6.7)  is 
satisfied  for  large  R  (cf.  Fig.  1  and  Table  1)  at  all  times.  As  shown  by  the 
Laplace  Transform  method  is  also  the  exact  solution  for  all  R  at  long  times. 


6.1  Effective  Transient 

Although  a ^  ^(t)  yield  the  exact  transients  at  the  respective  short  (S) 
and  long  (L)  times,  (x-*“ )  does  not  tend  to  the  correct  long-time  transient 
<*[^(x)  of  (3.36),  and  a^x+o)  does  not  tend  to  the  correct  short-time  transient 
of  (3.35)  since,  a^  and  a^in  (6.9)  are  not  equal,  except  at  large  sink 
radii  (cf.  Figs.  3(a)  -  5(a))  when  (dr/dr)  -*■  (S/S).  The  appropriate 
asymptotic  limits  oRN  at  zero  t and  at  infinite  t  are  however  reproduced  by 
both  and  aL  via  the  functional  dependence  (6.14),  an  asset  worth 
exploitation. 

Expand  the  solution. 


(r,x)  =  <|>4(r,T)  exp  -  a(x)  +  ^(r, t)  [1  -  exp  -ct(t)]  ,  (6.18) 

of  the  basic  Eq.  (6.1)  in  terms  of  the  known  functions  $  .  The  exact 

■4,2. 

short-time  and  long-time  transients  are  ensured  by  insisting  that  the  unknown 
function  o(x)  is  such  that  <j(x  ->■  0)  -*■  0  and  o( t  -*■»)•*■  Also  4>A(r-*»,x)  •+■ 
(r+1),  irrespective  of  ct(t).  The  radiation  boundary  condition  in  (6.3b)  is 
satisfied  provided  a  is  a  function  only  of  x.  This  restriction  precludes 

*\t 

(6.18)  from  tending  to  the  exact  solution  ♦jl(r,x)  at  large  r.  The 
combination  (6.18)  is  therefore  expected  to  provide  an  improved  transient  in 
the  vicinity  of  the  sink  where  the  transient  rates  a(x)  =  aRN  <f>(0,x)  are 
determined. 

According  to  Figs.  3-5,  departs  most  from  the  exact  rate  at 
intermediate  times  x  >  10,  and  departs  most  at  short  times  x  <  1. 

Plausible  combinations  consistent  with  (6.18)  are  therefore 


.(-) 


av  '(x)  3  a^(x)  exp(-x"*^)  +  a^x)  [1  -  exp(-x 


.-1/2 


)] 


(6.19) 
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and 


a^+\x)  =ol(t)  [1  -  exp(-x1/2]  +cxs(t)  exp(-  ^/2) 


(6.20) 


\ 


In  Table  2  are  displayed  the  maximum  percentage  errors 

A  *  100  (a  -  a£)/aE  (6.21) 

between  the  exact  numerical  rates  oE  and  the  analytical  rates  o  =<*$,  and 

over  all  t.  The  above  combinations  for  provide  considerable  improvement  over 

the  individual  ^  particularly  in  the  transport  limited  regime  am  -*•  a^.R  for 

the  extreme  case  of  smaller  S''-  0.25.  The  combination  (6.20)  provides  rates 
within  7%  lower  than  the  exact  rates  over  the  full  x-range.  Other  trial 
combinations  involving  x11  instead  of  x*1/2  in  (6.20)  and  (6.19)  were  adopted 
with  similar  but  somewhat  less  accurate  results.  As  Cols.  2  and  3  of  Table  2 
show,  the  greatest  error  occurs  for  those  cases  with  the  largest  differences 
between  and  a4  in  (6.9).  Also  involves  less  error  in  general  than  over  the 
full  x-range. 

Another  possibility  is  retention  of  the  basic  functional  forms, (6.8)  for 

-1/2 

and  (6.14)  for  a,  but  to  allow  xt  to  vary  continuously  from  a^ ,  the 
exact  short-time  value  (6.9)  to  a^ ,  the  exact  long-time  value  (6.9).  The 
forms  (6.8)  and  (6.14)  ensure  automatic  satisfaction  of  both  boundary 
conditions  (radiation  and  asymptotic)  for  well  behaved  (x,fl)  and  provide  the 
correct  limits  and  aw  at  zero  and  infinite  times,  respectively.  Since 
maximum  error  in  the  previous  analytical  expression  for  o’s  occurred  for 
those  cases  with  the  largest  constants  (x^  -  x6 )  T"1//2,  direct  approximation 
to  x,  under  the  constraints  that  x  -*■  X4  as  t  -*•  o  and  x  +  Xz  as  x  -*•  «,  is 
therefore  indicated. 

Figs.  6(a)  -  6(c)  illustrate  the  variation  of  T"^2*  where 
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between  the  exact  short-time  and  long-time  constant  limits,  as  compared  with 
the  numerical  solution  xE  of  (3.32)  with  a  taken  as  the  exact  numerical  rates 
F.  Since  x  <  XF  <  X.  ,  then  a  <  ap  <_  a  ,  as  illustrated  already  by  Figs. 
3-5.  The  more  gradual  variation  of  xj~^  is  much  closer  to  Xf  than  is  the  more 
abrupt  variation  of  x^’  even  ^or  t,10Se  transport  limited  cases  which 
involved  the  largest  difference  (x£  -  x4)* 

Figs.  7(a)  -  7(c)  demonstrate  the  close  agreement  of  the  resulting  rates 


cases  (transport-limited  and  small  sinks).  Although  the  percentage  errors 
(Table  2)  associated  with  a|_  and  are  here  as  large  as  -33%  and  68%, 
respectively,  use  of  xj~^  in  (6.14)  involves  errors  less  than  4%,  as 
indicated  in  Column  9  of  Table  2.  Inspection  of  Figs.  6  and  7  shows  that  a  is 
not  too  sensitive  to  variation  in  x  e.g.,  a  10%  variation  in  x  in  Fig.  6  results  in 
little  variation  of  a.  Also  the  fact  that  xj  intersects  xE  twice  (xj  <  x£  at 
short  times,  xj  >  x^  at  intermediate  times,  x^  <  x^  at  long  times)  results  in 
a  corresponding  but  less  of  a  variation  in  a. 


7.  Summary  and  Conclusions 

By  operating  at  a  level  more  basic  than  the  macroscopic  Debye- 
Smoluchowski  Equation  (DSE),  the  present  treatment  (§  2).  has  exposed  the 
following  assumptions  intrinsic  to  DSE:  (1)  the  densities  n  and  associated 
net  current  J  in  eq.  (1)  refer  to  pairs  in  the  combined  blocks  C  (of  fully 
dissociated  states)  and  E  (at  highly  excited  states)  as  in  eq.  (2.11); 

(2)  steady-state  conditions  for  all  pairs  in  each  energy  level  of  block  E  and 

(3)  steady-state  for  all  pairs  with  R  <_  R$  and  all  energies  in  blocks  C  and  E 
as  in  eq.  (2.30).  Also  (4)  DSE  is  mainly  limited  to  cases  of  high  non¬ 
equilibrium. 

In  addition,  the  microscopic  treatment  has  also  provided  the  appropriate 
modification  (2.14)  of  DSE,  which  was  applicable  only  to  regions  R  _> R$ 
external  to  the  sink,  to  description  of  the  kinetics  within  (R  _<  R$)  the  sink. 
The  microscopic  treatment  has  also  indicated  that  the  actual  rate  (2.20) 

5 

is  determined  by  the  self-consistent  solution  of  the  two  simultaneous 
equations  (2.7)  and  (2.10)  each  of  which  couple  transport  and  collisions. 

The  local  rate  “3  of  reaction  in  (2.23)  thus  remains  an  integral  and 
internal  part  of  the  treatment  by  being  determined  from  the  self  consistent 
solutions. 


This  local  rate  <*3  (or  a^)  is  externally  assigned  in  DSE  which  therefore 
describes  via  (2.9)  in  (2.24a),  the  transport  portion  of  the  problem 
consistent  with  this  external  choice  for  <*3.  under  the  provisor  that  the 
transport  and  reaction  rates  ayR  and  are  fully  uncoupled,  the 
DSE-prescription  Is  valuable  for  Investigation  of  that  particular 
time-dependent  combination  of  and  involved  in  the  process  as  time 
evol ves . 

12  ^ 

In  §  3,  a  nonlinear  transformation  into  tilda-space  R(R),  has 


r' 


facilitated  the  search  for  simple  analytical  time-dependent  solutions  of  DSE 

for  general  interactions  V(R).  Expressions  have  been  obtained  for  the  time 

dependent  probability  density  n(R,t),  that  the  pair  AB  has  separation  R,  and 

for  reaction  rates  a(t)  which  are  exact  (a)  at  all  times  and  large  R,  (b)  at 

long  times  and  all  R  and  (c)  at  short  times  and  all  R.  In  particular,  the 

solutions  for  cases  (a)  and  (b)  are  identical.  The  transformation  technique 

is,  in  itself,  quite  general  and  can  be  applied  to  a  variety  of  problems.  For 
19  12 

example,  Cukier  by  following  previous  reports  of  this  strategy,  recently 
used  this  tilda  space  representation  to  successfully  study  concentration 
dependent  fluorescent  quenching. 

By  comparison  in  §  5.1  with  exact  numerical  transient  rates  of  i  5, 
the  rates  <*s(t)  and  <»L(t),  (3.32)  with  (3.31)  and  (3.30),  are  the  exact  DSE 
transients  at  short  and  long  times,  and  are,  respectively,  higher  and  lower 
than  <*£  at  Intermediate  times.  Over  the  full  time-range,  aL(t)  is,  in 
general,  closer  to  a£  than  Is  a$.  Retention  of  only  the  first  t-1^2-term 
in  the  t~^2-expansion  of  a^(t)  provides  a^(t)  in  (3.36),  which  is  identical 
with  the  asymptotic  transient  derived1*  previously  from  a  perturbation-type 
method.10  The  present  expression  (3.32)  with  (3.30),  for  <*L(t)  provides 
considerable  improvement  over  a^1^  which,  up  to  now,  has  been  (to  the  author's 
knowledge)  the  only  simple  analytical  rate  available.  Similar  expansions 
(3.35)  for  short  times  are  also  provided. 

Not  only  is  the  exact  transient  at  short  times  but  tends  to  the 
correct  steady  state  asymptote  at  long  times,  albeit  with  an  incorrect 
transience;  and  a^,  not  only  Is  the  exact  long  time  transient  but  tends  (with 
an  incorrect  transience)  at  short  times  to  the  correct  rate  aR^  at  t  *  0.  The 
varations  of  both  ^(t)  with  t  are  therefore  bounded,  unlike  the  previous 
rate  o^.  This  asset  is  the  essential  reason  that  extensions  of  ^ 


V.-' 


A 


e4 

* 


a 


VJ 


Vj 


.*1 
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proposed  in  §  4  to  cover  intermediate  times  are  not  as  effective  over  the  full 
time- range. 


By  exploitation  of  this  asset, which  is  based  on  the  unique  functional 
dependence  of  a(t)  in  (3.32)  on  x(t),  a  time-dependent  combination  of  x4(t) 
and  x  (t)  for  XU)  provides,  in  s  6.1,  rates  highly  accurate  (to  within  4%  for 

Xt 

the  worst  case)  over  several  decades  of  time! 
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^  2 
Table  1.  Values  of  R  and  R,  In  natural  units  (R.  *  e  / 


and  of  (dR/dR)  for  Coulombic  Attraction. 


R 

R 

(dR/dR 

0 

1 

0 

0.25 

1.0187 

0.3041 

0.5 

1.1565 

0.7241 

0.75 

1.3580 

0.8642 

1.0 

1.5820 

0.9207 

1.5 

2.0552 

0.9638 

2.0 

2.5415 

0.9794 

3.0 

3.5277 

0.9908 

6.0 

6.5139 

0.9977 

10 

10.5083 

0.9992 

Table  2:  Largest  Percentage  Errors  A  ■  100(a-  a^/a^  associated  with  various 
levels  of  approximation. 


(g  /<*td)  S  at 


t(-)  -a(  +  )  a[x(”h  -o[xi“^] 


0.1 

0.50 

0.348 

0.480 

0.69 

0.45 

0.07 

0.21 

0.07 

0.1 

0.25 

0.083 

0.273 

2.98 

1.24 

-0.24 

0.93 

-0.43 

0.5 

1 

1.164 

1.264 

0.93 

0.96 

0.26 

0.21 

0.26 

0.5 

0.75 

0.955 

1.105 

1.75 

1.62 

0.42 

0.41 

0.39 

0.5 

0.50 

0.626 

0.865 

4.33 

3.24 

0.68 

1.09 

0.61 

0. 

0.25 

0.149 

0.491 

20.63 

8.92 

1.33 

5.67 

-2.64 

0.9 

1 

5.820 

6.322 

2.25 

3.63 

1.23 

0.17 

1.20 

0.9 

0.75 

4.773 

5.523 

4.32 

6.14 

2.17 

0.33 

2.05 

0.9 

0.50 

3.130 

4.323 

11.24 

12.32 

4.62 

0.87 

3.88 

0.9 

0.25 

0.746 

2.454 

68.29 

32.70 

15.06 

6.43 

3.65 

(-)l. 


aS,L(x):  E(*‘  (3>32)  "ith  (3‘31)  or  (3-30);aC p:  Eq.  (3.32)  with  (6.22) 


for  x" 


a  (x)  *  exp(-T  +  [1  -  exp(-x"l'^)]as; 

a(+)(x)  -  exp(-x1/2)as  +  C  1  -  expf-x1''2)]^; 
^  =  ..  .-1/2 


t  a  .  a  y  x 


gure  Captions 

Fig.  1.  Variation  of  (dfc/dR)  with  R(n.u.)  for  (a)  the  attractive  interactions 
V(R)  *  -  (Re/R)n.  n  *  1,  2,  4  and  6.  R  is  in  units  of  Rg,  the  natural 
unit  (n.u.).  The  variation  for  pure  Coulomb  attraction  (n  =  1, 

o 

Rfi  *  e  /kT)  is  amplified  in  (b)  where  (X)  denote  the  values  selected 
as  sink  radii  S.(c)  Variation  of  scaled  derivative  (dr/dr)  with 
scaled  distance  r  for  the  selected  sink  radii  (S  *  1,  0.75,  0.5  and 
0.25  n.u.). 


Fig.  2. 


Fig.  3. 


Fig.  4. 
Fig.  5. 
Fig.  6. 


Exact  numerical  solutions  for  the  fractional  departure  p  *  n/NQ  exp(-V/kT) 


of  the  probability  density  n  from  Boltzmann  equilibrium  as 


a  function  of  reduced  distance  r  =  ( R/S ) - 1  at  scaled  sequential 


times  t  =  (Dt/S^)  =  0.05,  0.5,  1,  2,  5,  10,  20,  30,  100,  200,  500 


up  to  infinity  («).  Assigned  parameters:  a^/a-j-p  “  0.5,  S  =  0.5  (n.u.). 


Comparison  with  exact  numerical  rates  of  various  short-time  (a)-(d) 

and  of  various  long-time  (e)-(h)  analytical  rates  over  several  decades 

2 

of  scaled  time  t  =  Dt/S  ,  for  various  sink  radii  S(n.u.).  Assigned 

parameter:  “./“jr  =0.1. 

As  in  Fig.  3, but  with  “./“jr  =  0.5. 

As  in  Fig.  3, but  with  0,,/ajR  =  0.9. 

-1/2  2 

Variation  of  x(t)  t  '  with  scaled  time  t  =  (Dt/S  )  for  extreme  case 
of  small  sink  radius  S  =  0.25  n.u.  and  for  o^/ojr  taken  as  (a)  0.1,  (b)  0.5 
and  (c)  0.9.  Curve  E  is  obtained  from  exact  solution  of  eq.  (3.22) 
for  exact  numerical  rate, and  curves  1  and  2  are  obtained  from  eq.  (6.22) 
of  text  with  n  *  1  and  2,  respectively.  Long-time  and  short-time  exact 


limits  x,  .(t)  t 


■1/2 


are  illustrated. 


Fig.  7. 


o 

Comparison  over  scaled  time  t  =  (Dt/S  )  between  exact  numerical  rate 
ct£  and  various  analytical  rates:  a[x^”^I  obtained  from  eq.  (6.22) 
for  \i~  in  eq.  (3.22)  for  a.  The  exact  long-time  and  short-time 
transients  are  <*L  and  o^,  respectively.  Assigned  Parameters:  (a^/a-™ 
=  (a)  0.1,  (b)  0.5,  (c)  0.9;  and  S  =  0.25  n.u.  an  extreme  case  for 
validity  of  basic  assumptions. 
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Ion-Ion  Recombination  at  High  Ion  Density 


M.  R.  Flannery 
School  of  Physics 
Georgia  Institute  of  Technology 
Atlanta,  Georgia  30332,  U.S.A. 


Abstract.  By  appeal  to  a  Thomson-type  treatment  of  recombination,  it  Is  shown 
that  the  rate  for  recombination  of  Ions  generated  with  uniform  frequency 
within  a  reaction  volume  Is  a  factor  of  (9/4)  times  greater  than  the  rate  for 
recombination  of  Ions  which  approach  each  other  from  Infinite  separation.  A 
valuable  relationship  connecting  the  two  problems  is  uncovered.  The  analysis 
Is  pertinent  to  recombination  Involving  dilute  and  high  degrees  of  ionization. 


Physics  Abstracts  Classification  Numbers:  3410,  3450L,  8220,  8240 


Fop  (X+-Y")  Ion-Ion  recombination  In  an  ambient  gas  Z  (neutral  or  Ion), 
the  following  Important  distinctions  between  the  cases  of  low  and  high  Ion 


densities  N*  are  evident: 

(A)  For  dilute  Ionization  with  Ion  densities  N*  s  10®  cm"®, 
recombination  can  be  based  on  consideration  of  the  flow  of  positive 
Ions  X+  (say)  towards  a  central  stationary  negative  Ion  Y".  Steady- 
state  conditions  are  then  maintained  by  a  source  of  Ionization  at 
Infinity.  For  high  Ionization  with  N*  i  2  x  1014  (T/300)3^2  cm"3, 
when  the  Debye-Huckel  shielding  distance  R$  i  Re,  the  natural  unit 
(e2/kT)  of  length  characteristic  of  Ion-Ion  recombination  In  a  low 
density  gas  at  temperature  T,  the  positive  Ions  X+  already  exist  In 
a  pre-asslgned  configuration  with  respect  to  Y",  and  the  steady- 
state  source  Is  then  distributed  uniformly  throughout  the  volume 
(Bates  1981). 

(B)  Recombination  results  not  only  from  Ion-neutral  gas  collisions  but 
also  from  Ion-Ion  (X+-X+),  (Y"-Y"),  (X+-Y")  collisions  which  tend  to 
increase  the  rate  (Bates  1982). 

(C)  The  Interaction  between  the  Ions  may  no  longer  be  considered  as  pure 
Coulomb  at  low  gas  densities  N  but  will  Involve  some  appropriate 
measure  of  screening  as  determined  by  the  self-consistent  Polsson- 
Boltzmann  treatment  (Flannery  1981,  1982a ,b). 

(0)  There  are  no  longer  Isolated  sinks,  as  for  low  N*,  but  cooperative 
and  competitive  effects  can  arise  between  the  closely  spaced  sinks 
distributed  throughout  the  region. 

Bates  (1981)  has  reasoned  that  screening  (C)  does  not  affect  the 


recombination  at  high  gas  densities  N,  on  the  basis  that  Ions  which  are 
Initial  nearest  neighbours  remain  nearest  neighbours,  and  drift  towards  one 


another  until  recombination  occurs,  with  the  result  that  the  usual  Langevln- 
Harper  rate  at  high  N  Is  not  affected  by  Increase  of  Ion-densities  N*. 

Flannery  (1981,  1982a)  has  shown  that  the  recombination  rate  a  Is,  In  general, 
determined  as  a  function  of  N  and  N*  by  the  self-consistent  solution  of  the 
Boltzmann  equation  for  the  two  particle  distribution  function  and  of  Poisson's 
equation  for  the  Interaction  between  the  ions.  Calculation  (Flannery  1981) 
indicates  that  Increase  in  Ion  density  up  to  10**  cm-3  causes  some  reduction 
to  a  only  at  low  and  Intermediate  N.  A  molecular  dynamics  simulation  (Morgan 
et  al  1982)  which  Incorporates  this  self-consistent  idea  (Flannery  1981) 
Illustrates  that  the  reduction  can  become  quite  significant  when  higher 
densities  N*  *  10* 5  at  gas  pressures  <  1  atm  are  reached.  Bates  (1982) 
demonstrated  that  the  effect  of  Ion-Ion  collisions  in  (B)  then  tends  to  oppose 
the  decrease  resulting  from  (C)  particularly  at  lower  temperatures  T  and 
N*  i  10*5  cm"3.  The  Isolated  effects  of  (A)  and  (D)  have  not  yet  been 
addressed. 

The  present  goal  Is  to  Investigate  the  effect  of  distinction  (A)  above. 

In  Isolation  from  (C)  and  (D).  Since  a  detailed  treatment  based  on 
microscopic  principles  (Flannery  1982a)  would  couple  (A)-(D),  and  would 
therefore  tend  to  obscure  the  key  Issue,  It  is  worthwhile  to  illustrate  the 
general  trend  by  appeal  to  a  Thomson-style  treatment  (constant  speed,  full 
absorption  upon  suitable  collision).  In  so  doing,  a  valuable  connection 
between  two  distinct  problems  becomes  apparent. 

In  the  following  analysis,  dlffuslonal  drift  which  Influences  the 
approach  of  the  Ions  at  Intermediate  gas  densities  N  Is  Ignored  so  that  the 
present  treatment  Is  appropriate  to  low  N  *  10*7  -  10*8  cm"3.  At  higher 
N  i  10*°  -  1()2*  cm"3,  the  distinction  A  loses  Its  significance  since  the 
radius  Ry  of  the  reaction  sphere,  within  which  recombination  occurs,  becomes 


very  small  In  comparison  with  both  the  Debye-Hiickel  radius  R$  and  the  natural 
unit  Re,  so  that  Ions  are  generated  well  outside  the  reaction  volume. 

Let  the  positive  Ions  X+  be  born  Isotropically  with  frequency  Fr  at  a 
point  r  from  the  central  negative  Ion  Y".  The  flux  (number  of  ions  per  sec) 
which  escapes  In  all  directions  ftp  through  a  convex  surface  of  area  S 
enclosing  a  volume  V  (Figure  la)  Is 

Fp(r)  *  (F  /4x)  J  R'2exp(-R/X)(Qp.n)dS  =  (F  /4w)  /  exp(-R/x)dnE  (1) 

S  QE 

where  R  is  the  length  from  the  Internal  point  source  r  to  the  exit  point  on  S 

In  the  direction  flp,  where  X  Is  the  mean  free  path  of  the  ion  X+  In  the  gas, 

2 

and  where  d«E  Is  the  solid  angle  (Op*n)dS/R  subtended  at  r  by  elemental  area 
dS  with  outward  normal  n  .  The  probability  for  escape  through  S  of  ions  born 
at  r  Is  therefore 


\{r)  »  FE(r)/Fr  -  (1/4,)  /  exp(-R/x)dnE  (2) 

and  provided  the  production  frequency  Ff  Is  the  same  constant  at  all  points  r 
within  V,  the  averaged  probability  for  escape  Is 

<PE>  *7  /  WiZ  -  d/4»v)  /  dV  /  exp(-R/X)dflE  (3) 

V  V  Qp 

Subdivide  V  Into  tubes  with  axes  directed  along  Qp,  as  In  Figure  1(b), 
such  that  the  elemental  volume  at  r  Is, 


dV  »  (n  *fl-)dSdR 


(4) 


TJ>  rjk  ’Jf  •j'grw  r.»  -gw 


where  R  Is  the  distance  along  Qg  of  r  from  elemental  area  dS  with  normal  n^ 
pointing  Inward.  On  Integration  over  R  between  zero  and  the  maximum  chord 
length  Rra(8g»0.j)  consistent  with  the  specified  directions  8g  and  ,  the 
averaged  escape-probability  Is 


<PE>  ah  (X/V)  /  dS  /  ^(Oe-Qi  JCi-expt-R^x)] 

s  Op 


where  the  region  of  Integration  Is  such  that  Qg»nj  >  0. 

The  averaged  probability  for  absorption  within  V  Is  therefore 


so  that,  the  rate  <»y  (airs"1)  of  volume  recombination  (absorption)  within  V 


ay  *  <PA>Sv 


where  v  Is  speed  of  the  ions  across  surface  S.  This  rate  holds  for  ions 
generated  with  constant  frequency  Fr  at  all  points  within  any  volume  V 
enclosed  by  any  convex  surface  of  area  S.  Under  steady-state  conditions,  the 


source  frequency  Is 


Oy<p> 


where  <p>  Is  the  averaged  density  (1/V)/  p(r)dr  within  volume  V  In  terms  of 

V  '  " 

the  density  distribution  p(r)  of  Ions  within  V. 

For  a  sphere  of  radius  Rj,  In  particular,  Rm  is  2(flg,n1)RT,  so  that  the 
absorption  probability  obtained  via  (6)  Is 


where 


<PA>  «  1  -  (3\/4Rt)W(Rt/X) 


(9) 


W(X)  »  1  -  (1/2X2)C1  -  (1  +  2X)exp(-2X)]  (10) 

♦  (jX)Ci  -|x  +  fx2  - 1  x3+...],  x  ♦  o 

♦  1  -  (1/2X2)  ,  X  ♦  • 

Is  the  well-known  Thomson  probability  (Thomson  1924,  Loeb  1955),  the  relevance 
of  which  to  the  present  problem  will  become  apparent  below.  The  recombination 
rate  (8)  for  Ions  distributed  with  uniform  frequency  within  the  reaction 
sphere  Is  therefore, 

oy  *  4wRt2v[1  -  (3X/4Rt)W(Rt/X)]  (11) 

which  tends  at  low  gas  densities  (where  X  »  Ry)  to 

-  (|)(|  *r|)(v/X)  (12) 

which  Is  a  factor  of  (9/4)  higher  than  the  corresponding  Thomson  rate  for 

recombination  of  Ions  approaching  from  infinite  separation  (Thomson  1924, 

Loeb, 1955),  rather  than  from  the  pre-assigned  configuration. 

For  dilute  Ionization,  the  number  of  Ions  per  sec  which  travel  (still  In 

the  absence  of  dlffuslonal  drift)  from  Infinity  and  enter  the  volume  V  through 

S  from  all  directions  Is 

-o 

■  -  (p„v/4w)  JdS/(Q»n)dfl0»  pwvS 
S  Qo 


dt 


(13) 


where  n  Is  the  outward-pointing  normal  to  surface  area  dS.  The  density  within 


p(r)  «  /  p(r, a)da 


where  the  angular  density  at  the  Internal  point  r  In  direction  a  is 


p(r,fl)  »  -(p.v/4ir)JdSj  K(r,Q;r^,Q0)(Q0.n)dn0 


In  terms  of  K( r »§0)  which  Is  the  angular  density  of  Ions  at  r  travelling 
In  direction  a  which  originate  from  a  source  radiating  with  a  unit  (flux)  rate 
at  rQ  In  direction  ^  at  surface  S.  This  propagator  satisfies  the  principle 
of  mlcroreverslblllty. 


*  K<  VVC’-S) 


which  Is  such  that  the  angular  density  at  r  In  direction  a  which  originates 
from  a  unit  source  radiating  at  r^  In  direction  aQ,  Is  equivalent  to  the 
angular  density  generated  at  r^  In  direction  -0Q  by  a  unit  source  radiating  at 
r  in  direction  -a.  In  terms  of  this  propagator,  the  probability  of  escape  of 
Ions  born  at  r  Is,  by  definition. 


P£(r)  «  (v/4*)/dS/  K(r0,a0;r,a)(fl0*n)dflc 


the  ratio  (2)  of  the  frequency  at  which  Ions  emerge  (with  QQ*n  >  0)  through 
surface  S  In  directions  ^  to  the  frequency  of  their  Internal  production  at 
r.  Upon  use  of  (16)  In  (15),  and  upon  reversal  of  signs  of  a  and  a  In 


the  resulting  expression  for  (14),  the  Internal  density  (14)  Is  simply 

p(r)  *  pE(c)p*  •  (18) 

The  average  escape  probability  is  then 

<PE>  *  V  CJ  P(r)dr]/P.  3  <p>/p„  (19) 

for  any  surface  geometry. 

This  expression  (19)  therefore  provides  the  unique  link  common  to  the  two 
distinct  problems  addressed  here  l.e.,  between  the  escape  probability  for  ions 
generated  isotropically  at  constant  frequency  within  a  confined  volume  V  and 
the  averaged  density  of  Ions  Injected  Into  V  from  an  external  bath  extending 
to  Infinity. 

Since  the  rate  of  Ion  entry  Into  V  from  the  bath  Is  given  by  (13),  and 
since  the  number  of  Ions  which  exit  per  second  from  V  back  into  the  bath  Is 

dN 

*  (p<-v/4ir)/dS/  exp(-Rin/x)(g0*n)dn0  (20) 

the  number  of  ions  which  are  absorbed  per  second  within  V  is 
dN. 

ST  ’  3t  ("eh  -  "ex>  ■  <VQ)[l-exp(-RBA)]<lV  V-  <21> 

where  ampm  Is  the  frequency  of  generation  of  Ions  at  Infinity. 

The  treatment  assumes  that  absorption  (recombination)  occurs  following 
collision  at  constant  speed  v  so  that  the  absorption  frequency  Is  also 
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(22) 


(Nov)  /  p(r)dV  *  (|)<p>V 

where  o  Is  the  cross  section  for  collisions  with  the  third  bodies  Z  of  density 
N.  With  the  equivalence  of  (21)  and  (22)  in  (19),  the  escape  probability  (19) 
is  then 


<PE>  »  <p>/p.  -  (X/V)  f  dS  /  dn0(n0.n)[l-exp(-Rm/X)]  (23) 

S  Qo 

which  is  precisely  the  relation  (6)  previously  derived  ab-initio  without  the 
connection  (19).  The  fraction  of  ions  that  are  absorbed  within  V  is 

f  *  (dNA/dNEN)  *  (4V/SX)<PE>  (24) 

which,  for  a  sphere  of  radius  Ry,  reduces  to 

f  *  (4RT/3X)<PE>  s  W(Rt/X)  (25) 

which  is,  as  expected,  simply  the  Thomson  probability  (10)  for  collision, 
within  the  trapping  sphere,  of  ions  which  enter  the  sphere  from  an  external 
bath. 

The  connection  of  <?E>  to  the  rates  of  both  problems  is  demonstrated  by 
comparison  of  the  rate 

«.  *  iT  V<f>  "  <PE>V(T)  ■  T  fSv  (26) 

obtained  from  (21)  and  (22)  for  recombination  of  ions  entering  S  from  infinity 
with  the  rate  (7), 


r, 

f, 

r*: 

i 

L’ 

I.’ 

O' 

o 

V' 

I 


p 


«y  ■  [1-<PE>]SV  ■  [l-(^)f]Sv  (27) 

for  recombination  of  Ions  generated  Isotropically  within  V  at  a  uniform 
frequency.  The  appearance  of  f  (  =  the  Thomson  probability  W  for  a  sphere)  In 
both  problems  Is  now  evident. 

Moreover,  the  averaged  density  <p>  within  the  reaction  volume  follows 
from  (19)  directly  or  from  (26)  where  the  frequency  ampm  of  ion  production  at 
Infinity  is  set  equal  to  the  frequency  (v/x)<p>V  of  absorption  within  V  to 
give 


<P>  *  ctmpJX/vV)  (28) 

irrespective  of  the  mode  of  transport  from  Inlflnity  to  S.  When  oa  is 
controlled  by  reaction  alone  (l.e.  a.  Is  fSv),  then,  for  a  spherical  volume 

<p>  *  [(3/4x)W(x)]p.  (29) 


which  tends  at  low  gas  densities  N  (where  X  *  R^A  «  1)  to  p^Cl-OR-pA  +...]• 
The  linear  dependance  on  N('1A)  of  in  (28)  therefore  arises  from  the 
constant  term  p^  In  this  expansion  of  <p>  so  that  the  recombination  rate  at 
low  N  follows  directly  by  taking  either  <p>  a  pm  In  (28)  or  <P^>  »  1  in  (26) 
to  give 


X  »  R- 

- >  V(v/x) 


(4/3)itRj(v/X) 


(30) 


thereby  providing  a  one-line  derivation  (from  (28))  of  the  Thomson  N-l Inear 


10 


rate  at  low  N.  Nonlinear  variation  of  with  N  arises  from  the  departure 
of  <p£>  from  unity. 

In  the  presence  of  dlffuslonal  drift,  the  above  Thomson  rates  (26)  and 
(27)  can  be  regarded  as  reaction  rates  (Flannery  1982a, b).  As  the  gas  density 
N  Increases  then,  for  a  sphere,  the  ratio  (av/a J)  increases  from  2.25  to  4 
when  X  <  Ry.  The  factor  4  is  simply  the  relative  measure  of  flux  for  both 
problems.  This  enhancement  will  favor  an  earlier  onset  with  N  of  diffusional- 
drlft  which  will  eventually  become  the  rate  limiting  step. 

In  summary,  the  partial  recombination  rate  arising  from  (X+-Z)  collisions 
for  the  (dilute-ionization)  case  of  (X+-Y")  approach  from  infinite  separation 
at  speed  v^  is  the  Thomson  rate, 

aT  =  *RT  V12W(RTA) - ^  (-J  »Re  (V12/X)  ;  3=3/2  *  (31) 

(which  incidentally  identifies  Re  as  the  natural  unit  (e2/kT)  for  volume 
recombination).  This  is  to  be  compared  with  the  corresponding  rate 

ay  =  4irRT2v12[l  -  (3X/4RT)W(RT/X)]  (32) 


for  the  present  (dense  ionization)  case  where  a  steady-state  distribution  of 
ions  X+  is  maintained  by  constant-frequency  isotopic  sources  (8)  distributed 
uniformly  within  the  reactive  sphere  centered  at  Y".  The  full  rate  is  the  sum 
of  the  partial  rates  based  on  X+-Z  and  Y"-Z  collisions.  So  as  to  account  for 
the  inefficiency  of  energy  transfer  between  dissimilar  masses,  the  Thomson- 
rate  (31)  can  be  multiplied  by  a  mass-dependent  efficiency  factor  designed  to 


reproduce  the  highly  accurate  rates  (cf  Flannery  1982b)  obtained  from  solution 
of  the  conventional  collisional  input-output  Master  Equation  at  low  gas 
densities.  This  overall  normal ization  should  not  affect  the  basic  connection 
between  (31)  and  (32),  or  the  basic  prediction  that  the  effect  of  the 
distinction  (A)  between  the  cases  of  dilute  and  high  degrees  of  ionization  is 
to  increase  the  recombination  rate  (by  a  factor  -  9/4). 

The  effect  of  ion-ion  collisions  (B)  can  now  be  incorporated  directly 
within  (32)  by  regarding  (Bates  1982)  third  bodies  Z  as  ions  X+(or  Y“). 
Thomson-  recombination  between  ions  of  separation  R  <  Rj  *  (2/3)e^/kT  occurs 
upon  any  collision  which  is  assumed  to  transfer  energy  AE  >  (3/2)kT.  For  ion- 
ion  Coulomb  scattering  between  equal  masses  at  relative  energy  (3/2)kT,  this 
energy  is  transferred  provided  the  (CM)  scattering  angle  is  greater  than 
(ir/2) .  The  cross  section  for  such  collisions,  after  a  straightforward 
exercise,  is 

a  *  (l/9)irRe2  (33) 

In  a  gas  of  electrons  of  mass  m  and  density  N",  (33)  in  (31)  yields 
aT(e)  =  (4ir2/2703)(8kT/Trm)1/2Re5N‘  (34) 

=  3.5  10“V4*V  (cmV1) 

for  the  rate  of  electron-ion  collisional  recombination  which,  remarkably,  is 
92%  of  the  identical  collisional  rates  (Mansbach  and  Keck  1967,  Stevefelt  et 
al .  1975)  based  on  the  detailed  Master  Equation.  Generalization  of  (34)  to 
cover  ion-ion  recombination  in  an  ion  gas  may  be  deduced  as  in  Bates  (i982). 
Incorporation  of  ion-ion  collisions  within  (32)  will  also  increase  the 


12 


recombination  rate,  particularly  for  Ion-densities  N*  >  1015  cm"'*  and  lower 
temperatures  (Bates  1982). 

In  conclusion,  the  rate  for  recombination  of  Ions  distributed  uniformly 
within  a  reaction  volume  V  has  been  shown  to  be  a  factor  of  (9/4)  greater  than 
the  rate  for  Ions  which  approach  the  reaction  sphere  from  infinity.  These  two 
situations  are  respectively  appropriate  to  the  present  examination  of  the 
effect  of  distinctions  A  and  B  (In  Isolation  from  C  and  D)  on  the  cases  of 
high  and  dilute  Ionization,  respectively.  In  so  doing,  a  valuable 
relationship  (19)  which  connects  the  two  distinct  problems  of  approach  from 
infinity  and  of  escape  from  a  confined  volume  of  generation  has  been 


uncovered 
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Figure  1:  (a)  Ions  borns  at  point  r  within  volume  V  enclosed 

by  surface  S  escape  within  solid  angle  dJl^  through  elemental  area 
with  outward  normal  n.  (b)  Elemental  volume  dV  *  (fic*n.)dSdR  of 
tubes  with  axis  along  ^  at  angle  to  inward  normal  n^  of  surface 
element  dS.  Rm  is  maximum  chord  length  for  specified  directions 
n*  and 
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